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In a series of papers, [25], [30], [28], [29], [31], [26], we showed that certain quantities 
from the arithmetic geometry of Shimura varieties associated to orthogonal groups occur in 
the Fourier coefficients of the derivative of suitable Siegel-Eisenstein series. It was essential 
in these examples that this derivative was the second term in the Laurent expansion of a 
Siegel-Eisenstein series at the center of symmetry, and that the first term in this Laurent 
expansion vanished (incoherent case). In the present paper we prove a relation between a 
generating function for the heights of Heegner cycles on the arithmetic surface associated 
to a Shimura curve and the second term in the Laurent expansion at s = \ of an Eisenstein 
series of weight | for SL2. It is remarkable that s = | is not the center of symmetry and 
that the first term of the Laurent expansion is non-zero. In fact, this nonzero value has a 
geometric interpretation in terms of the Shimura curve over the field of complex numbers. 
Considering the fact that the Eisenstein series is a rather familiar classical object, it is 
surprising that this interpretation of its Laurent expansion at s = | has not been noticed 
before. As we will argue below in this introduction, we believe that our result is part of a 
general pattern involving the heights of divisors on arithmetic models of Shimura varieties 
associated to orthogonal groups. 

We now describe our results in more detail. 

Let B be an indefinite division quaternion algebra over Q and let Ob be a maximal order 
in B. Let D(B) be the product of all primes p at which B is division. Let M. be the 
moduli space of abelian varieties of dimension 2 with a (special) action of Ob- Then A4 
is an integral model of the Shimura curve attached to B; it is proper of relative dimension 
1 over Spec (Z) , with semi-stable reduction at all primes and is smooth at all primes p at 
which B splits, i.e., for p \ D(B). Ignoring, for the moment, the fact that M. is only a stack, 
we may consider M. as an arithmetic surface in the sense of Arakelov theory, [14], [3], .... 

For each m G Z and for v G M*, we define a class in the arithmetic Chow group 
(0.1) i(m, v) = ( Z(m), E(m, v) ) G Ch\m). 
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Here, for m > 0, Z(m) is the divisor on M. corresponding to those Og-abelian varieties 
which admit a special endomorphism x with x 2 = — m. These cycles can be viewed as the 
Shimura curve analogues of the cycles on the modular curve defined by elliptic curves with 
CM by the order Z[^-m\. For m < 0, Z(m) = 0. For all m ^ 0, E(m,v) is the (non- 
standard) Green's function introduced in [25]. The class Z(0,v) will be defined presently. 

The moduli stack M carries a universal abelian variety A/M., and the Hodge bundle to on 
M. is defined by 

(0.2) u = A 2 (Lie(A))*. 

We equip u> with the metric 1 1 1 1 which, for z G M. (C) is given by 



(0.3) \\ a \\ 2 z = e~ 2C 



4tt 2 



a A a 

A Z (C) 



where 



(0.4) C=^(log(47r)+ 7 ), 

for Euler's constant 7. The reason for this normalization will be explained below. We thus 
obtain a class Cj = (a;, || ||) G Pic(M), and we set 

(0.5) Z(0,v) = -( u>+ (0,log(v)) J G CH\M). 



Using the Gillet-Soule height pairing ( , ) between CH (M) and Pic(.M), [18], we form 
the height generating series 

(0.6) height (r) = J2( Z{rn,v),u ) q m , 

m 

where, for r = u + iv in the upper half plane i}, we have set q = e(r) = e 27FlT . The quantities 
( Z(m,v),u ) can be thought of as arithmetic degrees [5], [2]. At the same time, we can 
define the more elementary generating series 

(0.7) 

^degree (t 

m 

where deg(Z(m,v)) = deg(Z(m)) is simply the usual (geometric) degree of the 0-cycle 
Z(m)c on the complex Shimura curve M.c- 
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To see that these generating series are the (/-expansions of modular forms, we consider 
a family of Eisenstein series. In 1975, Zagier [45], [8], introduced a (non-holomorphic) 
Eisenstein series of weight |, whose Fourier expansion is given by 

(0.8) F( T ) = -- + Y,H{m)q m + Y.W V ~ h / r ~* drq ~^ ' 

m>0 n 71 J 1 

where H(m) is the number of classes of positive definite integral binary quadratic forms of 
discriminant — m. This series, which played a key role in the work of Hirzebruch and Zagier 
[21] on generating functions for intersection numbers of curves on Hilbert modular surfaces, 
can be viewed as the value at s = \ of an Eisenstein series J-(t, s), defined for s 6 C and 
satisfying a functional equation J-(t, —s) = T(j, s). In fact, there is a whole family of such 
series, £(r, s; D), where D is a square free positive integer, whose values at s = \, for D > 1, 
are given by 4 

(0.9) £(r, \-D) = -(-l)^P) J_ Y[(p - 1) + 2 S(d; D) H (m; D) q m . 

p\D m>0 

Here Ho(m; D) is a variant of the class number H(m), and S(d; D) is either or a power of 
2, cf. (8.19) and (8.20) respectively, and ord(D) is the number of prime factors of D. In the 
case D = D(B) > 1, a simple calculation of deg(Z(m)) proves the (known) relation 

(0.10) <p degree (r)=S(r^D(B)), 

so that the value of S(r, s; D(B)) at s = \ is the degree generating function. The main 
result of this paper asserts that the second term in the Laurent expansion of the Eisenstein 
series £(r, s; D(B)) at the point s = contains information about the arithmetic surface 
M: 

Theorem A. For D(B) > 1, 

0hei g ht(r) =S\t^-D(B)) + c 

for some constant c. 

This identity is proved by a direct computation of the two sides. The resulting formulas, 
cf. Theorem 8.8, are quite complicated. For example, for m > in the case in which 

4 Our normalization of these series differs slightly at 2 from that used by Zagier, so that our £(t, ^; 1) is not 
quite Zagier's function, cf (8.24) below. 
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deg(Z(m)c) 7^ 0, the coefficient of q m in the derivative of the Eisenstein series is given by 
(0.11) 

2 S(d; D(B)) H (m; D(B)) ■ [ \ log(d) + - ± log(7r) - ^ 7 

1 , / &;(n,0;L>) \ 

+ £ ( log K- 4^ )+ E ^m P ) 

pfD(B) p\D{B) 

Here we write the discriminant of the order Zj[y/—m] as 4m = n 2 <i for a fundamental 
discriminant — d, and the other notation is explained in Theorem 8.8. Theorem A asserts 
that this expression coincides with the height pairing ( Z(m, v),ui )! A point over Q of 
Z{m) corresponds to an O^-abelian surface A over Q, equipped with an action of 1\y/—m\ 
commuting with that of Ob- Such a surface is isogenous to a product Ed x Ed, where Ed 
is an elliptic curve with complex multiplication by the maximal order in the imaginary 
quadratic field Q(y/—d). With our normalization of the metric on the Hodge bundle, the 
Faltings height of E d x E d is given by 

(0.12) h* Fal (E d xE d )=2 h* Fal (E d ) = \ log(d) + ~ \ lo ^) - \l> 

so that the geometric meaning of the first terms of (0.11), and of our title, emerges. The 
change in the Faltings height due to the isogeny is accounted for by the term involving the 
sum over p \ D(B), where the logarithmic derivatives occurring there are given explicitly in 
Lemma 8.10. The sum over p | D(B) has the following geometric meaning. The arithmetic 
surface M. has bad reduction at such primes and the cycle Z{m), defined as a moduli 
space, can include components of the special fiber M. p , i.e., vertical components [29]. Their 
contribution to the height pairing coincides with the term K p ■ log(p) in (0.11), where K p 
is given explicitly in Theorem 8.8. Finally, there is an additional 'archimedean' term in the 
height pairing, which arises from the fact that the Green's function S(m, v) is not orthogonal 
to the Chern form \i = c\(Cj) of the Hodge bundle. This contribution coincides with the 
term involving ^J(4nmv). 

The ambiguous constant c occurs in Theorem A because we do not know the exact value of 
the quantity ( ill, Cj ). More precisely, for m = 0, the constant term of the derivative of the 
Eisenstein series at s = \ with D = D(B) > 1 is given by 



(0.13) £' {t,\;D{B)) = &(-!) 



^ logw _ 2 ^_ 1+2c+E « 

SV ' p\D F 



where (d(s) = C( s ) YI p \d(^ ~ P s )- Ori the other hand, by (0.5), the constant term of the 
generating function for heights is given by 

(0.14) 0hei g ht,o(r) = ( Z(0, v),u) = log(u) deg(w). 
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Noting that deg(u) = — Cd(— 1), we see that the constant terms would coincide as well, i.e., 
the constant c in Theorem A would vanish, if 



(0.15) 



?? 



'C( 



plog(p) 



-1 V P-l 

^ P\D F 



If we write 0j o = (u>, || || na t) for the Hodge bundle with the more standard choice of metric, 
cf. (10.15) below and [3], and if we delete the 'extra' factor of \ which occurs due to the 
fact that M. is a stack, cf. section 4, then (0.15) amounts to 



(0.16) 



( lo ,uj ) nat = 4Cd(-1) 



C'(-l) 1 l^ plogfr ) 
C(-l) 2 2 V P - 1 



If we take formally .D = D(B) = 1, so that Ai would be the modular curve and Cj the 
bundle of modular forms of weight 2 with the Petersson metric, then, indeed, by the result 
of Bost and Kuhn, [4], [34], 



(0.17) 



cD ,c2; ) nat = 4C(-1) 



C ; (-i) 1 

C(-l) 2 



These considerations are one of the motivations for our choice of metric on the Hodge bundle 
and our definition of Z(0, v). 



We expect that Theorem A will continue to hold when D(B) = 1, i.e., in the case of 
the modular curve Ai, where (0.17) will allow us to eliminate the constant c. There are, 
however, extra complications. The first is that the metric on Cj becomes singular at the cusp. 
This difficulty was overcome by Bost [3], [4] and Kuhn [34] by extending the definition of 
Pic(A^) — CH (Ai) to allow more general Green's functions. On these more general Chow 
groups, the geometric degree map should be defined as 



(0.18) 



deg :CH(M) 



(Z,gz) 



M(C) 



where Uz is the (now not necessarily smooth) form occuring on the right hand side of the 
Green's equation 



(0.19) 



dd c g z 



Note that this definition agrees with the previous one in the case D(B) > 1. With our 
previous definition of Z{m, v) for rn^O and m = —n 2 and with a slight modification when 
m = or m = — n 2 , the result of Funke [15], [16] shows that, indeed, 



</>de g (r) = £(t, ^; 1) 



(0.20) 



m>0 nel 1 
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In fact, if we had defined the cycles Z(m) by imposing the action of an order of discriminant 
m (rather than 4m) on our Og-abelian surface, then the degree generating function would 
coincide exactly with Zagier's function (0.8)! We defer the calculations of the additional 
terms which occur in the derivative £'(t, |; 1) and in the height generating function for 
D(B) = 1 to a sequel to this paper [32]. 

Relations like the ones proved here between the first (resp. second) term of the Laurent 
expansion of an Eisenstein series and the generating function for degrees (resp. heights) 
should hold in much greater generality. More precisely, suppose that V is a rational vector 
space with nondegenerate inner product of signature (n, 2). Let H = GSpin(y) and let D 
be the space of oriented negative 2-planes in V(R). Then, for each compact open subgroup 
K C G(Af), there is a quasiprojective variety 1^, defined over Q, with 

(0.21) X K (C) ~ H(Q)\(^D x H(Af)/K^j. 

For each integer m > 0, and each X-invariant 'weig ht function' p e S(V(A f )) K in the 
Schwartz space of V(Af), there is a divisor Z(m, (f)K on Xk, rational over Q, [24]. The 
variety Xk comes equipped with a metrized line bundle C = (£, || ||), and it is proved in 
[27] that, with the exception of the cases n = 1, V isotropic and n = 2, V split, the degree 
generating function 

(0.22) </> deg (r; <p) := vo\(X K ) <p(0) + ^ deg(Z(m, V )) q m 

m>0 

coincides with the value E(t, ^; </?) of an Eisenstein series E(t, s; ip) of weight § + 1 associated 
to ip. Here voI(Xk) (resp. deg(Z(m, cp))) is the volume of Xk(C), (resp. Z(m, <p)k) with 
respect to O n (resp. O n_1 ), where O is the negative of the first Chern form of t. We believe 
that there should be an analogue of Theorem A in this situation. To obtain such a result, 
one needs, first of all, suitable extensions Z(m; (p) of the cycles Z(m, (p) to suitable integral 
models Xk of the X K } s. Next, since the varieties X K are, in general, not projective, one 
needs nice compactifications Xk and, more importantly, an extension of the Gillet-Soule 
theory, general enough to allow the singularities of the metric on the extension to of £ v to 
the compactification, etc. Assuming all of this, one would have cycles 

(0.23) Z(m, v; <p) = (Z(m; y), S(m, v)) E Ch\x) k 

and a class Co e CH (X)k- The analogue of Theorem A would identify the height generating 
series 



(0.24) 



^height (t; p) := ( ^( m ' ¥>; V )^ U ) ? 

m 
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with the derivative £'(t, ^; <p) at s = ^ of a normalized (and possibly slightly modified, cf. 
section 6 below) version £(r, s; <p) of the Eisenstein series E(r,s;ip). However, it seems a 
challenge to go beyond the case considered in the present paper and to obtain such results 
for more general level structures (even for n = 1) and for higher values of n, e.g. for n = 2 
(Hilbert-Blumenthal surfaces) or n = 3 (Siegel threefolds). Nonetheless, the results of [27] 
provide some additional evidence in favor of this picture for general n. 

With hindsight, it may be said that the results in [31] support our picture in the case 
n = 0. This is the one case which is common to the general picture developed here and 
the general picture of our papers [25], [30], [28], [29], [31], [26]. In this rather degenerate 
case, the variety Xk is zero dimensional, so that the cycles Z(m; tp) are actually empty, 
and the degree generating function </>deg( T ; f) is identically zero. On the other hand, the 
associated Eisenstein series £(r, s; ip) of weight 1 is incoherent, in the sense of [25], [26], so 
that £(r, 0; <p) = as well. The main result of [31], Theorem 3, may be interpreted as the 
identity 

(0.26) ^height (t, <po) = £'(t,0;<po) • 

Here, as in the present paper, <p = <po is the characteristic function of a certain standard 
lattice and K is the maximal open compact subgroup. To make the transition to the result 
in [31] one has to take into account the following two remarks. First, the arithmetic degree 
deg(-) on CH (Xk) used in [31] may be viewed as 

(0.27) dei(Z) = (Z,£°> . 

Second, in defining the degree generating function in this case, we set 

(0.28) Z(0,v) =Cj + (0,log v) e Ch\x k ) , 

where ui is the Hodge bundle on X (the moduli stack of elliptic curves with complex mul- 
tiplication by O q for a prime q = 3 mod (4)), with metric normalized as in (10.16) of the 
present paper. Indeed, this particular choice of normalization, i.e., the choice of the constant 
C in (0.3), was motivated by the requirement that no ambiguous constant like c in Theorem 
A should arise in (0.26). Specifically, the constant term which occurs in [31] is given by 

a ((f>, v) = -2 h(k) ( - log(v) + 2 h Fal (E) - log(27r) - - log(Tr) + ]p + 2 log(27r) ) 
(0.29) =-2h(k)( l - \og(v) + 2 h ¥al (E) + l - log(Tr) + ^ 7 + log(2) ) 

= -2h(k){Uog(v) + 2h* Fal (E)). 
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Here the quantity h-p a i(E) — | log(27r) is the Faltings height in the normalization of Colmez 
[9], which was used in (0.16) of [31], cf. Proposition 10.10 below. We found it particularly 
striking that the normalization of the metric on the Hodge bundle which eliminates any 
garbage constant in the case n = also gives a precise match in the positive Fourier 
coefficients in our Shimura curve case (n = 1). Of course, this is perhaps not so surprising, 
given the fact that the cycles in the case of signature (n, 2) are themselves (weighted) 
combinations of Shimura varieties of the same type for signature (n — 1,2). Thus a main 
term in the arithmetic degrees which occur in the positive Fourier coefficients of the height 
generating function for the signature (n, 2) case is the 'arithmetic volume' occuring in the 
constant term for the (n — 1,2) case. This 'explains' the relation between the present 
paper and the results of [31]. It should not be difficult to verify that the positive Fourier 
coefficients of the derivatives of Eisenstein series of weight ^ + 1 at s = ^ are related to the 
constant terms of the derivatives of those of weight + 1 at s = in a similar way. 

In a similar vein, we remark that the height generating function which, according to our 
picture above, is related to the derivative of Eisenstein series on SL 2 = Spi of weight § + 1 
at s = ^, is connected with the singular Fourier coefficients of the derivative of Eisenstein 
series of genus 2, i.e., on Sp2, of weight | + 1 at s = ^y^- I n f ac t> this is how we arrived at 
the height generating function considered in this paper. We hope to elaborate on this point 
in a future paper. 

The results of this paper are an outgrowth of a project begun during the first author's visit 
to the Mathematische Institut of the University of Cologne in the fall of 1999. He would like 
to thank the Institut for providing a congenial and stimulating working environment. The 
second author thanks the department of mathematics of the University of Maryland for its 
(by now almost customary) hospitality during his sabbatical in the spring of 2001. 
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Part I. Arithmetic geometry. 
1. The moduli stack M. 

Let B be an indefinite quaternion algebra over Q. We fix a maximal order Ob in B, and we 
let D(B) be the product of the primes p at which B p is a division algebra. For the moment, 
we allow the case B = M 2 (Q) and O b = M 2 (Z), where D{B) = 1. 

We denote by M. the stack over SpecZ representing the following moduli problem. The 
moduli problem associates to a scheme S the category M(S) whose objects are pairs (A, t), 
where A is an abelian scheme over S and 

l : O b — > Ends(A) 

is a homomorphism such that, for a G Ob, 

(1.1) det(t(a); Lie(A)) = Nm°(a). 

Here Nm° is the reduced norm on B and, as usual, [22], [38], the identity (1.1) is meant as 
an identity of polynomial functions on S. All morphisms in this category are isomorphisms. 

Proposition 1.1. M. is an algebraic stack in the sense of Deligne-Mumford. Furthermore, 
A4 is proper over SpecZ if B is a division algebra. The restriction of M. to SpecZ[D(.B) _1 ] 
is smooth of relative dimension 1. Finally, if p \ D(B), then M. xs pe cz SpecZ p has semi- 
stable reduction. □ 
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2. Uniformization. 

Let H = B x , considered as an algebraic group over Q. Let 

(2.1) D = HoniR(C, .Br), 

be the set of homomorphisms of IR-algebras, taking 1 to 1, with the natural conjugation 
action of H(R). This action is transitive. We fix an isomorphism B R ~ M 2 (R), so that 
H(M) ~ GL 2 (1R), and a compatible isomorphism D ~ C \ E, the union of the upper and 
lower half planes. Also let K = Og C _B(A/), be the compact open subgroup determined 
by Os, where Ob = Ob®%%- Then we have, as usual, an isomorphism of Deligne-Mumford 
stacks over C, 

(2.2) M xspecz SpecC = [H(Q)\D x H(A f )/K] , 

where the right is to be understood in the sense of stacks, [10], p. 99. The stack on the right 
hand side may be written in a simpler way using the fact that H(Af) = H(Q)K. Let 

(2.3) Y = H(Q)f)K = 0*. 
Then 

(2.4) M x Spec z SpecC = [T\D). 

Note that V acts on D through its image F = r/{±l} in PGL2(M), with finite stabilizer 
groups. Instead of considering [r\D] as an algebraic stack, it is more traditional to view 
this quotient as an orbifold [20]. Intuitively speaking, this means that the quotient of D 
by the action of Y is not carried out, but rather, all information obtained from the action 
of T on D is stored. As a particular instance, consider the hyperbolic volume form /j, on D, 
normalized as 

(2.5) fj,= ^V~ 2 dx Ady, 

in standard coordinates onC\l. Since this volume form is T-invariant, it induces a volume 
form on the orbifold [r\D] = Ai(C). The volume of the orbifold Ai(C) is given by 

(2.6) vol(M(C))= / n=\f /i, 

J[T\D] 1 JY\D 

where the extra factor of \ in the second expression is due to the fact that the stablizer in 
T of a generic point of D, has order 2. Explicitly, we have, [13], 

(2-7) vol(^(C)) = 1 J] (p - 1) = - Cd(-1). 

p\D{B) 
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where 

p\D 



We now turn to p-adic uniformization, [12], [6], [29]. We fix a prime p \ D(B). Let B' be 
the definite quaternion algebra over Q whose invariants agree with those of B at all primes 
£ 7^ p, oo. Let H' = B' x considered as an algebraic group over Q. We fix identifications 
H'(A P ) ~ H(A p f ) and H'(Q p ) = GL 2 (Q P ). Let O 2 be the Deligne-Drinfeld formal scheme 
relative to GL 2 (Q P ). Then 

(2.8) M x SpecZ SpecW(F p ) ~ [h'(Q)\ (o 2 x SpiZp Spf W(f p ) ) x Z x H'(A P )/K' P . 

Here K /p corresponds to (0# ® Z p ) x under the identification of H(A P ) with H'(A^), and 
(7 g H'(Q) acts on the Z factor by shifting by ord p (det(g f )). Again, this formula can be 
simplified since H'(Q)K P maps surjectively onto Z x H'(A P ). Let 

(2.9) H'(Q) 1 = {ge H'(Q) \ ord p (det(^)) = }. 
Put r' = ^'(Q) 1 n Kj. Then 

(2.10) M x SpecZ SpecW(F p ) ~ [ T'\0 2 x SpecZp SpecW(¥ p ) 

where, again the right hand side is considered as (the algebraization of) a formal Deligne- 
Mumford stack. The group V acts through f ' = T'/{±1} C PGL 2 (Q P ) with finite stabilizer 
groups. 



3. The Hodge bundle. 



We denote by (A, l) the universal abelian scheme over M and by e : M. — > A, its zero 
section. The Hodge line bundle on M. is the following line bundle: 

(3.1) u = e*(Q 2 A/M ) = A 2 Ue(A/My. 

For convenience, we will refer to u> as the Hodge bundle. 



Remark 3.1. Assume that (B,Ob) — (M 2 (Q), M 2 (Z)). In this case, M. may be identified 
with the moduli stack of elliptic curves, and the universal object A with (£ 2 , lq) where S 
is the universal elliptic curve and i : M 2 (Z) -> End(£ 2 ) = M 2 (End(£)) is the natural 
embedding. In this case, Lie(A/A4) = Lie(£/.M)® 2 and hence 

(3.2) <* = <*i? M - 

Here u)£/ M = \Ae{£/M)*. Recall [11], VI. 4. 5, that oofJ M can be identified with the module 
of relative differentials of M/SpecZ. The following proposition generalizes this fact. □ 
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Proposition 3.2. The Hodge bundle u is isomorphic to the relative dualizing sheaf uj^/z- 

Proof. Since the fibers of Ai over Spec Z are Gorenstein, ujj^ is an invertible sheaf. Since 
Ai is regular of dimension 2, it suffices to show that the restrictions of u to the smooth locus 
^Vj smooth is isomorphic to the restriction of uj^/i to _A/f smooth 5 i.e., to the sheaf of relative 
differentials O^ smooth/Z . 

By deformation theory we have a canonical identification 

(3.3) n^, sm ooth /z = Homo B (Lie A, (Lie(„4)*) , 

where (A, t) is, as before, the universal object over Ai and where A denotes the dual abelian 
variety. 

This formula shows that it suffices to check the claimed equality after passing to the com- 
pletion Z p for each prime p. For any prime p \ D(B) our identification problem reduces to 
the situation considered in Remark 3.1. Hence, all we need to do is to extend to _A/f smooth 
the isomorphism between u and ^^vi/spec over Ai[D(B)~ 1 ]. Fix a prime number p \ D(B). 
Denote by R the involution on Og 

(3.4) oc i — >a R = 5a L S-\ 

where 5 G Ob satisfies 5 2 = D(B), and where a ^ a 1, is the main involution on B. After 
choosing a p-principal polarization on A whose Rosati involution induces the involution R 
on Ob, we may identify (Lie A)* with (Lie A)*, in such a way that a G Ob acts on (Lie ^4)* 
as (a R )*. We write 

(3.5) Bp = Z p2 [n]/(n 2 =p, Ha = a^n, Va G Z p2 ) . 

We may assume that the restriction of R to Z p 2 is trivial and that H R = —II. After extending 
scalars from Z to Z p 2 , we have the eigenspace decomposition of Lie A as 

(3.6) Lie„4 = £ ©£i , 

such that the action of II on Lie .A is of degree 1 with respect to this Z/2-grading. The 
condition (1.1) ensures that Lq and L\ are both line bundles. It now follows, via (3.3) and 
(3.6), that the local sections of ^ M / z are given by local homomorphisms ipi : Li — > L* 
(i = 0, 1) forming a commutative diagram 



(3.7) 



L 




n* 
^0 




n o| 




I- 


-n; 


A 


<P1 } 


L\ 








I- 


-ns 


L 




^0 
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The pair ((po,(fi) therefore defines an injective homomorphism 

(3.8) a : Q} M/Z — > £® (_2) © Cf (_2) C (Lie„4)* <g> (Lie .A). 

On the generic fiber, £® *■ 2 ^ and £f *■ 2 ^ both coincide with u and a induces an isomorphism 
of ^ X M / Z with the diagonal. On the smooth locus either n or III is an isomorphism locally 
around any given point. Assume for instance that n is an isomorphism. Then <po determines 
if i by the commutativity of the upper square in (3.7), 

(3.9) v?i = (-n^o^orio 1 . 

But then also the lower square commutes. Since n is an isomorphism, it suffices to check 
this after premultiplying <pi with IIo. But 

(3.10) (-n*) o Vl o n = (-n*) o (-u*) o ^ = ^ o n x o n . 

It follows that on the open sub locus of _A/i smooth where Ilo is an isomorphism, the first 
projection applied to (3.8) induces an isomorphism between and C®^ 2 \ On the other 

hand on this open sublocus, u> can be identified with 2 \ which proves the claim. □ 



By base change to C, the Hodge bundle induces a line bundle cue on Aic = \T\D]. In the 
orbifold picture, we may view cue as being given by a descent datum with respect to the 
action of V on the pullback of wc to D. At a point z of A4c, a section a of cue corresponds 
a holomorphic 2 form on A z , and so there is a natural norm [3] on cue given by: 

2 



(3.H) 



2 1 1 nat 



2^ 



a A a 



A Z (C) 



Equivalently, cue is given by the automorphy factor (cz + <i) 2 , i.e., by the action of V on 
D x C defined by 



(3.12) 7 = 
More precisely, for z E D ~ C \ 

(3.13) B m ~ M 2 



we have an isomorphism 

AC 2 , 



u 



u ■ 



w 1 
w 2 



and the corresponding abelian variety A z has A Z (C) = C 2 /A z , where A 2 is the image of Ob 
in C 2 . The pullback of cue to D is trivialized via the section a = dw\ A dw2- The Petersson 
norm, || ||p et on the bundle of modular forms of weight 2, is defined by the T-invariant norm 
on the trivial line bundle DxC given by 

(3.14) ||(z,C)||| et = |C| 2 (47rIm(^)) 2 . 

If / is such a modular form, then we identify / with the section, [7], ppl41-2, 

a(f) = f(z) (2ni dw\ A 2ni dw 2 ) = -4n 2 f(z) a. 
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Lemma 3.3. The two norms on ujc are related by 

II \\Lt = D(Bf\\ \\l et . 



Proof. The pullback to M 2 (IR) of the form a A a = dw\ A dw2 A dw-y A dw2 above is 4Im(z) 2 
times the standard volume form, and so, via (3.11), 

(3.15) |H|Lt = ^ •4Im(^) 2 vol(M 2 (R)/0 B ). 

Then 

\\a(f)\\l at = 16n 4 \f(z)\ 2 -^^Im(zf. □ 



Definition 3.4. The metrized Hodge bundle u is u equipped with the metric 

, 1 1 = 6 III | nat? 

where 

C=^(l0g(47T)+ 7 ). 

Here 7 is Euler's constant. 

The motivation for this normalization is explained in the introduction. 

The Chern form ci(tD) for this metric is then 

(3.16) ci(w) = -cM c log||a|| 2 = fj, 
with \i as in (2.5), and so 

(3.17) deg(cD) = / Cl (u>) = vol(M(C)). 

J[r\D] 

4. The arithmetic Picard group and the arithmetic Chow group. 

From now on, we assume that D(B) > 1, so that B is a division algebra and M. is proper 
over Spec Z. If we had imposed a sufficient level structure, then Ai would be an arithmetic 
surface over SpecZ, [18], [3], etc. Then the Chow groups (tensored with Q) CH r (M) and 
arithmetic Chow groups CH (M.) would be defined, with CH (M) ~ Pic(A^), the group 
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of isomorphism classes of metrized line bundles, and these would be equipped with a height 
pairing 

(4.1) ( , ) : CH 1 (M) x CH 1 (M) — >CH 2 (M) 
and the arithmetic degree 

(4.2) deg : CH 2 (M) — > C. 

In this section, we explain how to carry over (parts of) this formalism to our DM-stack M.. 

We begin with Pic(.M). There are two ways to define the concept of a metrized line bundle 
on M.. First, one can define such an object to be a rule which associates, functorially to 
any S'-valued point S — > M. of M., a line bundle Cs on S equipped with a C°°-metric on 
the line bundle Cs.. on S xs pe cz SpecC. Second, one can define a metrized line bundle 
on M. to be an invertible sheaf on M. together with a T-invariant metric on the pullback 
of Cc to D under the identification of Mc with the orbifold [r\D]. These definitions are 
equivalent. As usual, we denote the set of isomorphism classes of metrized line bundles on 
M. by Pic{M). This is an abelian group under the tensor product operation. 

Let C = (£, || • ||) be a metrized line bundle on M. Then C determines a height of a one 
dimensional irreducible reduced proper DM-stack Z mapping to M.. To define it , we are 
guided by the heuristic principle that, in a numerical formula, a geometric point x of a stack 
counts with fractional multiplicity l/|Aut(x)|. Let Z be the normalization and v : Z — > M. 
be the natural morphism. 

If T(Z, O ' £) = Ok for a number field K, then 

(4.3) h t (Z) = degV(£) 

Here the right hand side is defined by setting, for a meromorphic section s of v*(C), 



(4.4) £i^) = £( E 0^). ]ogP -lj ; lcgH.ll'. 

Here the integral is defined as 

( 4 -5) / log|| S || 2 = E ^77^- lo gll s WII 2 - 

^(C) 26 ^ q |Aut(z)| 

Also ord x (s) is defined by noting that the strict henselization O % x of the local ring x is 
a discrete valuation ring. Let us check that the expression (4.4) is independent of the choice 
of s. This comes down to checking for a function / e Q(^) x = K x that 

(«) E ^i)'>^-^ E TO' logK/)|2 

P K xeZ(f p ) ' V 71 7 at/C^C 1 v 71 
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For x G Z(¥ p ), let x be the corresponding geometric point of the coarse moduli scheme 
Z = Spec O k of Z. Then 

(4.7) d^=(0 J)X ) Aut ^/ Aut ^ 

where f\ is any generic geometric point of Z, and O % is a totally ramified extension of 
degree |Aut(x)|/|Aut(^)| of Oz,x- Inserting this into (4.6), we obtain for the right hand side 
the expression 



(4 - 8) w/ 



(^2 E iogp-x; log k(/)i) 



P x6(SpecO K )(F p ) 

which is zero by the product formula for f £ K x . 
If T{Z,Oz) = F g , we put 

(4.9) ^(Z) = deg !/*(£)• log g= ( £ ]^^f) ' logP ' 

x£.E(F p ) 

where s is a meromorphic section of u*(C). Here degz/*(£) coincides with the definition 
given in [11], V.4.3. 

Next we need to define the (arithmetic) Chow group of Ai. By a prime divisor on Ai we 
mean a closed substack Z of Ai which is locally for the etale topology a Cartier divisor 
defined by an irreducible equation. Let Z X {M) be the free abelian group generated by the 
prime divisors on M. Any rational function / G Q(M) X (i.e. a morphism U — > A 1 defined 
on a non-empty open substack U oi M.) defines a principal divisor 

(4.10) div{f) = Y,ord z {f) ■ Z , 

z 

where the sum is over the prime divisors Z of M, and where we note that the strict 
henselization of the local ring at Z, Om,z, is a discrete valuation ring. The factor group of 
Z 1 (M) by the group of principal divisors is the Chow group CH 1 {M), comp. [41]. 

Let Z G Z 1 (M). Then the divisor Z c of M c = [T\D] is of the form Z- = [T\D Z ] for a 
unique T-invariant divisor Dz of D. By a Green's function for Z we mean a real current g 
of degree on D which is T-invariant and such that 

(4.11) u = dd c g + 5 Dz 

is C°°. We denote by Z 1 (At) the group of Arakelov divisors, i.e., of pairs (Z,g) consisting 
of a divisor Z on M. and a Green's function for Z, with componentwise addition. If / G 
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Q(A4) X , then f\A4c corresponds to a T-invariant meromorphic function fc on D and we 
define the associated principal Arakelov divisor 

(4-12) chv(/) = (div(/),-log|/ c | 2 ) • 

The factor group of Z 1 (7W) by the group of principal Arakelov divisors is the arithmetic 
Chow group CH (M). The groups CH (M) and Pic(.A/f) are isomorphic. Under this 
isomorphism, an element t goes to the class of 

(4.13) (^ord^(s)Z, -log|| S || 2 ) , 

z 

where s is a meromorphic section of C. Conversely, if [Z,g) £ Z 1 (M), then its preimage 
under this isomorphism is 

(4-14) (0(Z),\\ ||) , 

where — log ||1|| 2 = g, with 1 the canonical T-invariant section of the pullback of O(Z) to 
D. 

We define a pairing 

(4.15) ( , ) : Z\M) x Pic(M) — >C 

by formula (5.11) in Bost [3], 

(4-16) ((Z,g),C) = h £ (Z) + l [ 9-0,(1). 

z J[T\D] 

Here c\ (C) is the T-invariant form on D defined by the pullback to D of t (analogously to 
ci(u>) in section 3 above). The integral is defined as 

(4.17) / g-c 1 (C) = [T:T']- 1 - [ </• 

J[r\D] Jr\D 

where V = ker(r -> Aut (£))). 
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It seems very likely that under the identification CH" (A1) — Pic(A / (), the pairing (4.15) 
descends to a symmetric bilinear pairing 

(4.18) (, ) : CH\M) x CH\M) — >C , 

as is the case for arithmetic surfaces. For ease of expression we will proceed as if this were 
the case, although we have not checked it. Since all we will actually use is the paring (4.15), 
this will cause no harm. 
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5. Special cycles and the generating function. 

In this section, we will define for each m G Z and each v G a class 

(5.1) Z(m, v) = (Z(m),E(m, v)) G Ch\m). 

We first assume that m > 0. Then we consider the DM-stack Z(m) classifying triples 
(A,l,x) where (A,l) is an object of M. and where a; is a special endomorphism, [25], [29], 
with x 2 = —m, i.e., 

(5.2) x G End(A, l), tr°(x) =0, x 2 = -m. 

Then Z(m) maps to Ai by a finite unramified morphism. Furthermore, Z(m) is purely one 
dimensional, except in the following cases, [29] and the Appendix to section 11, 

(5.3) 3p | D(B), p^2, such that m G Z*' 2 . 

In the cases covered by (5.3), we set Z{m,v) = 0. In all other cases, we define a Green's 
function for the unramified morphism Z{m) — > Ai, in the sense of section 4, as follows 
([25]). Let 

(5.4) V = {x G B | tr°(x) = } 

with quadratic form Q(x) = —x 2 = N°(x) given by the restriction of the reduced norm and 
with associated inner product (x, y) = tr°(xy L ). Note that the signature of V(R) is (1,2). 
As in [25], we can identify D with the space of oriented negative 2-planes in V(R). For 
x G V(R) and z G -D, let pr z (x) be the projection of x to z and let 

(5.5) R(x,z) = -(pi z (x),pr z (x))>0. 

This quantity vanishes precisely when pr z (x) = 0, i.e., when z G D x where 

(5.6) D x = { z G D | (x,z) =0 }. 
Let L = V(Q) n O b , and let 

(5.7) L(m) = { x G L \ Q(x) = m }. 
Then, for m G Z^ , and v G R*, let 

(5.8) ~(m,v)= Z( v ^ x ' z ) 

xEL(m) 
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where 

(5.9) f (a;, z) = -Ei(-2nR(x, z)) 



for the exponential integral 

(5.10) -Ei(-t) = J 



e- tr r~ l dr. 



The properties of this function are described in [25], section 11. For m > 0, E(m 7 v) is a 
T-invariant Green's function for the divisor 

(5.11) D z{m) := ]J D x 

xEL(m) 

in D. 

When m < 0, H(m, u) is a smooth T-invariant function on Z). Therefore, 

(5.12) Z(m, u) = (0, S(m, u)), m < 
again defines an element of CH (.M). 

For m = 0, the definition of Z(0, v) is more speculative. Using the canonical map from 
Pic(A-l) to CH\M), we let 

(5.13) Z(0,v) = -( u+(0,\ogv) ). 



We now have defined elements Z(m,v) G Cif for all m G Z and u G R*. We define 
the following two generating series, which are formal Laurent series in a parameter q. Later 
we will take q = e(r) = e 27rtT , where r = it + iv G 

The first generating function involves only the orbifold A4(C) = [T\D]. Let 

(5.14) u>(m, v) = dd c E(m, v) + S Dz(m) 

be the right hand side of the Green's equation for H(m, v). Then let 

(5.15) deg(Z(m,v)) = / ui(m,v). 

J[T\D] 
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If m > 0, then deg(Z(m,v)) is just the usual degree of the 0-cycle Z(m)c (in the stack 
sense). If m < 0, then deg(Z(m, v)) = 0, since S(m, w) is smooth is this case so that u(m, v) 
is exact. For m = 0, we take u;(0, v ) to be the Chern form of —a), i.e., — /i, and hence 

(5.16) deg{Z(0,v)):= [ to{0, v) = - vol(M(C)). 

The generating function for degrees is then 

(5.17) deg (r) : = £ deg(Z(m, V )) g"» 

m 

= -vol(M(C)) + ^ deg(Z(m) c ) Q m 

m>0 

For the second generating function, we use the height pairing (4.15) of our cycles with the 
class Cj G Pic(A^), and let 

(5.18) </>hei g ht(r) = J2( Z{m,v),u )q m . 

m 

At the moment, we regard 0degC?~) (resp. </>height('7") ) as a formal generating series, but our 
main theorem will identify it as a bona fide holomorphic (resp. non-holomorphic) function of 
the variable r by identifying it with the Fourier expansion of a special value of an Eisenstein 
series (resp. of the derivative of an Eisenstein series). 

Part II. Eisenstein series. 

6. Eisenstein series of weight 3/2. 

In this section, we introduce the Eisenstein series of half-integral weight which will be 
connected with the arithmetic geometry discussed in Part I. A more general discussion of 
such series from an adelic point of view can be found in [25]. The series we consider are, 
of course, rather familiar from a classical point of view, and an expression for them in this 
language will emerge in section 8 and 16 below. Thus, one purpose of the present section 
is to explain how such classical series are associated to indefinite quaternion algebras in a 
natural way, via the Weil representation. A second advantage of the adelic viewpoint is that 
it allows one to assemble the Fourier coefficients out of local quantities. This construction 
shows in a very clear way the dependence of these coefficients, and more importantly, of 
their derivatives on the choice of local data. 
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Let G' A be the metaplectic extension of Sp±(A) = SL 2 (A) by C 1 , and let P A be the preimage 
of the subgroup N(A)M(A) of SL 2 (A) where 

(6.1) N(A) = {n(b)= (\ \) | be A} 



and 



(6.2) M(A) = {m(a)=( a ^ | a G A x }. 

As in [42] we have an identification G' A ~ SL 2 (A) x C 1 where the multiplication on the right 
is given by [g±, zi] \g 2 , z 2 ] = \g1g2, c(gi, g-i)z\z 2 \ with cocycle c{gi,g 2 ) as in [42] or [17]. Let 
G'q = SL 2 (Q) , identified with a subgroup of G' A via the canonical splitting homomorphism 
G'q — > G' A , and let Pq = P A fl Gq. An idele character x of Q X \A X , determines a character 
X ^ of J* \ J* via 

(6.3) x^([n(b)m(a),z]) = z x(a) 7(0, V>)~\ 

where ^ is our fixed additive character of Q\A and 7(0, V>) is the Weil index ([43] or [37], 
appendix). For s 6 C, let 

(6.4) /( S ,x)=Ind^N s 

A 

be the principal series representation of G' A determined by x ■ A section $(s) G i"(s,x) i s 
thus a smooth function on G' A such that 

(6.5) <S>(p>g\s) = X ^(p')\a\ s+1 $(g',s). 

where p' = [n(b)m(a), z]. Such a section is called standard if its restriction to the maximal 
compact subgroup K' C is independent of s and factorizable if <fr(s) = (g> p $ p (s) for the 
decomposition of the induced representation I(s,x) = ®' p Ip{ s iXp)- Here, for each prime 
p, I p (s,Xp) is the corresponding induced representation of G' p , the metaplectic extension of 
SL 2 (Q p ). The Eisenstein series associated to a standard section $(s) G I(s,x) is given by 

(6.6) E(g,s,Q)= ^ $(7<7,s). 

This series is absolutely convergent for Re(s) > 1 and has a meromorphic continuation to 
the whole complex s-plane. Note that this series is normalized so that it has a functional 
equation 



(6.7) 



E(g',-s,M(s)*) = E(g',s,$), 
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where M(s) : I(s, x) x X ) is the intertwining operator. It has a Fourier expansion 

(6.8) E(g',s,$) = J2 E m(g',s^) 

where, in the half-plane of absolute convergence, 

(6.9) E m (g',s,$)= [ E(n(b)g',s,$)il>(-mb)db, 

Jq\a 

for db the self-dual measure on A with respect to ip. When m^O and $(s) = <8> p $ p (s) is 
factorizable, the mth Fourier coefficient has a product expansion 

(6.10) E m (g', s, d>) = H W m , p (g' p , s, $ p ), 

p<oo 

where 

(6.11) W miP (g , p ,8,Q p )= $ p (wn(b)g p ,s)ip(-mb)db 

is the local Whittaker function, and w = ^ ^ ^ G Gq. Here db is the self dual measure 
on Q p for ip p . On the other hand, the constant term is 

(6.12) E (g', s, $) = $(g f , s) + J[ W Q , p (g' p , s, d>). 

p<oo 

Recall that the poles of the Eisenstein series are precisely those of its constant term. 

In this paper, we will only be concerned with the case of a quadratic character x given by 
x(x) = (x, k)a for k E Q x , where ( , )a denotes the global quadratic Hilbert symbol, so we 
will omit x from the notation and write I(s) = <8> p I p (s) for the induced representation, etc. 
We now begin to make specific choices of the local sections $> p (s). 

As before, let B be an indefinite quaternion algebra over Q with a fixed maximal order Ob- 
Once again, the case B = M2(Q) and Ob = Miijfc) will be allowed. Let 

(6.13) V = { x G B | tr°(x) = } 

with quadratic form defined by Q(x) = —x 2 , and let L = B nV '. Note that the determinant 
of the quadratic space (V,Q), i.e., det(S') where S is the matrix for the quadratic form, 
is a square. Therefore, the discriminant — det(S') is —1 and the quadratic character xv 
associated to V is given by Xv(x) = (x, — 1)a- We therefore take x = Xv and k = — 1 in 
this case. 
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The group G' A (resp. G' ) acts on the Schwartz space S(V(A)) (resp. S(V P ) ) via the Weil 
representation to (resp. ui p ) determined by ip (resp. ip p ). 

For a finite prime p, let <fr p (s) G Ip(s) be the standard section extending \ p (<p p ), where 

(6.14) A p : S(V p ) -> J p (i), A p (^ p )(</) = M<7> P )(0) 

is the usual map and <p p G S^Vp) is the characteristic function of L p = L ®z Z p . 

Let K'^ be the inverse image in G' A of SO(2) C SL 2 (IR). For £ G |Z, there is a character i/^ 
of such that 

(6.15) M[koA]) 2 = e 2m . 

For £ G | + 2Z, there is a unique standard section $oo(s) G ioo(s) with 

(6.16) $i (k,s) = v e (k), 
for fc G K'^. 

Let 

(6.17) *^< B >( a ) = <!&(*) ® ( ® p * p ( a )) 

be the associated global standard section. A little more generally, for a finite prime let 
&p(s) be the standard section arising from the maximal order M 2 (Z p ) in M 2 (Q P ) and let 
$~(s) be the standard section arising from the maximal order in the division quaternion 
algebra over Q p . Then for any square free positive integer D, we have a global section 

(6.18) = <!£,(*) ® (® P $ P (D) (s)), 
where e(D) = (-l)° r d p (D)_ 

Since, by strong approximation, G' A = G'qG' r K° for any open subgroup K° of G' A , we loose 
no information by restricting automorphic forms to G' R , the inverse image of SL 2 (M) in G' A . 
For r = u + iv G f), let 

(6.19) = [n(u)m(i;*),l] G G"^ C G' A . 

Then, if $(s) is a standard factorizable section with $oo(s) = $^(s), we set 

(6.20) E(T t s t $) = v-tE(g' T ,s t $), 
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and, by (6.10), we have 

(6.21) E m (r, s, $) = v-t W mt00 (g' T , s, <) • J] W m , p (s, d> p ) , 

p 

for m^O, and 

(6.22) E (r, s, d>) = V K° +1 -Q • $/(e) + iT* WqM, s, <) J] W , P (s, $ p ). 



The main series of interest to us will be E(t, s, $^ d ), associated to the standard section 

$^' D (s) of (6.18). This series has weight £, where £ = §, |, Note that the character 

X is given by x( x ) = — 1)a in this case. A second family E(t, s, <E>^ d ), with £ = |, |, 



etc. is obtained by the same construction applied to the quadratic space (V, Q. 



9 

2 ' 

where Q-(x) = x 2 . In this 1 and x is trivial. These cases will be discussed in 

more detail in [33]. In the present paper, we will only be concerned with the case £ = §, 
and so, from now on, we take k = — 1. 

In the next section, we will give a geometric interpretation of the first two terms of the 
Laurent expansion of the series E(t, s, $i' D ( B )) at the point s = \. For this it will be 
convenient to normalize the series as follows. For any square free positive integer D, let 

(6.23) E(r, s; D) := (s + ^) c(D) A D (2s + 1) E(t, s, $^' D ). 



where 



(6.24) A D (2« + 1)= (^V +2 r^+^^ + lJ.^l-p-n 

" 1 " P\D 



and 



(6.25) c(D) = -(-l)-d(D) i- D JJ(p + l)" 1 , 

71 P\D 

where ord(D) = J2 P ord p (D). Note that at the point s = |, of interest to us, the normalizing 
factor has value 

(6.26) c(D) A D (2) = -(-l)-d(^) J_ Y[ {p _ i). 

p|£> 

Then, in the case D = D{B), and recalling (2.7), 

(6.27) c(D)A D (2) = -vo\(M(C)). 
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This expression explains the choice of c(D). In addition, the normalized Eisenstein series 
satisfies the simple functional equation, c.f. section 16, 

(6.28) E(r,s;D) = E(r,-s;D). 



Finally, we restrict to the case D = D(B) > 1 and introduce the modified Eisenstein series 

(6.29) £(t, s; D(B)) := E(r, s; D(B)) + ]T c p (s) E(r, s; D(B)/p), 

p\D 

where c p (s) is any rational function of p~ s satisfying 

(6.30) c p (i)=0, and c' p (±) = log(p). 

To retain the functional equation (6.28) one should also require that c p (s) = c p (—s), al- 
though we will not use this. The motivation for the definition of £(r, s, D(B)) comes from 
geometric considerations which will emerge below. Note that 

(6.31) £(t^D(B))=E(t^D(B)), 
and 

(6-32) £'(r, I D(B)) = E'(r, \;D{B)) + ^ c'/-) ■ E(r, I D(B)/p). 

p\D 

7. The main identities. 

In this section, we state our main results on the generating functions 

(7.1) 0deg(r) = -vol(M(C)) + de s(Z(m)c) q m 

m>0 

and 

(7.2) </>hei g ht(r) = J2( Z{rn,v),Co)q m . 

m 

introduced in section 5. 



The following result is actually well known, cf., for example, [16]. We state it here to bring 
out the analogy with Theorem 7.2. 
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Proposition 7.1. For any indefinite quaternion division algebra B over Q roi^ associated 
moduli stack M., as in section 1-5 above, the generating function for the degrees of the 
special cycles coincides with the value at s = \ of the Eisenstein series S(r, s; D(B)) of 
weight §: 

Mr)=£{r, l --D{B)). 

Theorem 7.2. Under the same assumptions, the generating series for heights of the special 
cycles coincides, up to an additive constant, with the derivative at s = -| of the Eisenstein 
series £(r, s; D(B)) of weight §: 

</'height(r)=£ / (r,^; J D( J B)) + c. 

for some constant c. 

These identities are to be understood as follows. We write the Fourier expansion of the 
modified Eisenstein series as 

(7.3) S(r,s-D(B)) = J2Am(s,v)q m , 

m 

so that the Fourier expansions of the value and derivative at s = ^ are 
(7-4) £{T^D{B)) = Y,A m {\,v)q m , 

m 

and 

(7-5) S'(r, 1 -;D(B)) = J2A' m (l,v)q m . 

m 

Proposition 7.1 then says that 

(deg(Z(m)c) if m > 0, 
-vo\(M(C)) ifm = 0, 
ifm<0. 

Analogously, Theorem 7.2 says that, for m^O, 

(7-7) A m (±,v) = (Z{m,v),u,). 

The ambiguity c in Theorem 7.2 thus arises from the fact that we do not have an explicit 
expression for the quantity ( u,u ). If we knew, a priori, that ^height ( T ) was (the Fourier 
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expansion of) a modular form of weight |, then we could conclude that c = and, by 
formula (5.11) of Bost [3], that 

(7.8) A' (^,v) H (Z(0,v),w) = -(w,u>)-^log(v)deg(u>). 

For further discussion of this point, see section 13. 

As already explained in the introduction, Theorem 7.2 is proved by an explicit computation 
of both sides of (7.7). For the left hand side, this will be done in the next section. The right 
hand side will be computed in sections 9-12. 

8. Fourier expansions and derivatives. 

In this section, we describe the first two terms of the Laurent expansion of the Eisenstein 
series £(r, s; D{B)) at the point s = \. By (6.21) and (6.22), the essential point is to 
describe the behaviour of the local Whittaker functions W m , p {s, <E>^) and 

(8.1) W m)00 (r, s, $1) := v~* W mt00 (g' T , s, $1). 

The calculations of this section will be elementary manipulations based on results about 
these Whittaker functions quoted from Part IV below. 

In what follows, for a nonzero integer m, we write 

(8.2) 4m = n 2 d 

where —d is a fundamental discriminant, i.e., discriminant of the field k = k^ = Q( v / — m). 
Note that if 4m = — n 2 , then k = Q © Q. Let Xd be the corresponding Dirichlet character, 
so that 

{1 if p is split in fc^, 
-1 if p is inert in k d , 
if p is ramified in kd. 

For a given m and for a square free positive integer D, define a modification of the standard 
Dirichlet L-series L(s, Xd) by 

(8.4) L(s, Xm ; D) := L(s, X d) \{ b p (n, s; D) 

p\nD 

where 6 p (n, s; D) is defined as follows. Set 



(8.5) 



k = k p (n) = ordp(n) 
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and X = p s . Then for p \ D 

fo c\ h( ™ 1 - X + Xdip) p k X^+ 2k ) - (pX 2 )^ 1 

(8.6) b p {n, s; D) = \- v X 2 ' 

and, for p \ D, 

(8.7) 

b p (n,s;D) 

_ (1- X X)(1- p 2 X 2 ) - x p k+1 X 2k+1 + p ^X 2k + 2 + x p k+1 X 2k + 3 - p ^+2 X 2k+4 

1 - pX 2 

Here, for a moment, we write x f° r Xd(p)- Depending on whether or not p \ d we can rewrite 

(8.7) as 

(8.8) b p (n,s;D) = P - \_ x2 " if p \ d and p \ D, 

and 

In all cases the local factor b p (n, s; D) is, in fact, a polynomial in X = p~ s and is, hence, 
entire in s. It satisfies the functional equation 

(8.10) \nD\~ s b p (n, s; D) = |nD|* _1 6 p (n, 1 - s; D). 

One of the main results of section 14 is the following. 

Proposition 8.1. For a fixed prime p, 
(i) i/m^O, then 

1 f C+- . ro 1 i 9i /or p f -D, 

2 I C- p | D. 

where the constants are given by 



and C p = —p 1 C+. f/ere ( 8 = e(|). 
(nj If m = 0, then 



From (6.21), (6.22), and these formulas, we obtain a nice description of the Fourier expansion 
of E(t, s;D). 
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Corollary 8.2. Let C f (D) = Y[ p C e p {D) . 
(i) For m^O, 

E m (r, s; D) = C f (D) ■ W^r, s, *£) • ^ ± ^ • (ni))" 28 J] 6 p (n, 

and 

E m (r, s; -D) = c(D) C f (D) (^j * T(s + ^) • W m ^{r, s, $t) 

xi(s+J, Xd) • (nD)~ 2s 11 b p (n, \-s;D). 



2 

p 



(ii) For m = 0, 



and 

E (r, s; £>) = i;*<-*> (s + J) c(D) A D (2s + 1) 



2' 



+ W ,oo(r, s, *£) c(D) Cf(D) +2 r(s + |) • C(2a) • J[ 1 



/)D C P (2,-1) 



Here 

(8-11) c(D) C f (D) = C -i JL J]( p + 

Using Corollary 8.2, we now compute the value of E(r, s; D) at s = |. We start with the 
constant term. 

The following result is a special case of (iii) of Proposition 15.1 below. 
Lemma 8.3. 

WWr, .,*t) = 2, (-i)*„ 2- 
/or a = + |) and /? = |(s - §). Here (-i)i = e(-|). 



Since the zero of r(/?) 1 at s = | cancels the pole of ((2s) there, the second term in 
Eq(t, s; D) has a zero of order equal to the number of primes dividing D, and we obtain 
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Corollary 8.4. For D > 1, the constant term at s = | is 

Eo(r, £>) = c(0) A D (2) = -(-l)^P) J_ _ 1} = Cd( _ 1} . 
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Next we consider the coefficients of E(r, ^; -D) for m ^ 0. 
If p\ D, then by (8.6), 

(8.13) 6 p (n,0; J D) = — — . 

Note that, when Xd(p) = 1, this simplifies to p k = \ri\~ 1 . 

If p | D, then by (8.7)-(8.9), 

(8.14) 6 p (n,0 ;J D) = (l- X d(p))(l+p). 

Note that this quantity is actually independent of n, and that b p (n, 0; D) = if and only if 
p | L> and Xd{p) = 1- 

The proof of the following identity is a simple combinatorial exercise, which we omit. 

Lemma 8.5. (i) For p \ D, and k = ord p (n), 

b p (n,0;D) = J2cY[(l-X d (t)r 1 ), 

c\p k e\c 

where i runs over the prime factors of c and the product is taken to be 1 when c = 1. 
(ii) 

l[b p (n,0;D)= cHil-Xd^r 1 )- 

p\D c \ n i\c 

(c,D) = l 

Here, again, i runs over the prime factors of c and the product is taken to be 1 when 
c = 1. □ 

On the other hand, the following fact is a special case of (iv) of Proposition 15.1 below. 



Lemma 8.6. 

1 a ( 2 Coo • m 5 Q m if m > 0, and 
W mi00 (T t - t $go) = < 

L otherwise. 



31 



where = (— 2z)a %. 

Combining these facts, we obtain the following results. 
For m < 0, the vanishing of the archimedean factor yields: 

(8.16) E m (r, ^; D) = 0, when Xd ^ 1, or D > 1. 

For m > 0, (i) of Corollary 8.2 gives 
(8.17) 



E m (r, D) = c(D) C f (D) ■ - ■ 2 mh q m • L(l, Xd ) (nD)" 1 J] b p (n, 0; D) 



(c,r>) = l 



X 



n(i-xd(p)Ki+p) 



E cna-xdC^-^-fn^-^Cp)))- 



(c,D) = l 



Here, tu(ci) = |0£| is the number of roots of unity in the maximal order of fc^, h(d) is 
the class number, and 

(8.18) c(D) C f (D) C 00 = H(p + l)-\ 

p\D 



For m > 0, let 

(8.19) Ho{m]D) = ^§)-( E cJICl-XdC^- 1 )), 

W V C |„ £| c / 

(c,r>)=i 

where, as before, in the product, £ runs over the prime factors of c and the product is taken 
to be 1 when c = 1, and 

(8.20) 5(d;D) = Y[(l- Xd (p)). 

p\D 

Thus, we obtain the Fourier expansion of £(r,h;D). 
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Proposition 8.7. For D > 1, 

£(t, \,D) = c(D) A d (2) + £ 2 S(d; D) H (m; D) q m . 

m>0 

Here 



c(D)A D (2) = -(-ir d ^±-H(p-l) 



12 

p\D 

This Eisenstein series of weight | is a familiar object. Recall that, if O c 2 d is the order in 
Ofc of conductor c, with class number h(c 2 d) and with w(c 2 d) = \0* 2d \, then [1], p.250 5 , 

(8.21) 1^ cU d - 

w(c z d) w(d) 

Thus, 

(8.22) H (m;D)= £ 

c\n v 7 

(c,D) = l 



For example, if D = 1, i.e., in the case of B = M 2 ( 

(8.23) tf (m; 1) = £ 

voiced) 

c\n V ; 

is quite close to 6 the 'class number' H(m) which appears in the Fourier expansion 

1 1 /-00 

(8.24) Jr(r) = "i2 + H H ^ qm + Y^^ V ~^ / e" 4 " n2 " r r-irfrQ- n2 , 

m>0 n£Z Jl 

of Zagier's nonholomorphic Eisenstein series of weight |, [8], [45]. In fact, when D = 1, we 
have 

r>oo 



-n 2 



(8.25) £( T ,-;l) = -_+£2tf (m;l)^ + £-^ / e" 4 ™^ r"l rfr • g 

m>0 n6Z ^ ^ 

This case will be discussed in detail in the sequel [32]. 

Next we consider the derivative £'(t, \ ;D) in the case D = D(B) > 1. In this case, the only 
terms which contribute are the following: 

(i) m > and 5(d; D) ^ 0, 

(ii) m > and there is a unique p \ D(B) such that Xd(p) = 1, 

(iii) m < and 8(d; D) ^ 0, and 

(iv) m = 0. 



5 The quantity e c there is |C>* : 0* 2 J = w(d)/w(c 2 d) 
6 Precisely, 2H (m; 1) = H (4m). 
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In cases (i) and (iv), £ m (r, |; D) ^ 0. In cases (ii) and (iii), £ m (r, s; D) has a simple zero at 
s = \ due to the vanishing of the local factor 6 p (n, 0;D) in case (ii) and the archimedean 

3 

factor W / m ,oo( T ) |j ^oo) in case (iii). In all other cases, £ m (r, ^;-D) has a zero of order at 
least 2 at s = \. 



Theorem 8.8. Assume that D = D(B) > 1. 

(i) If m > and there is no prime p \ D for which Xd(p) = 1? then 



= 2 5(d;D)H (m; D) ■ q r 



2 log(rf) + W^a) ~ 2 log(7r) " 2 7 



+ ^ J{4imiv) + ^2 \ log! 77 -!? - 



V p (n,0;D) 
b P (n,0;D) 



p 

p\D 



Here 



with k = ordp(n), and 



-k + (p+ 2 1 ( ^ fc 1) " 1) if X d(p) = -l, and 



POO 

J(t)= e" tr [(l+r)5 -l] r _1 dr. 
Jo 



An explicit expression for the logarithmic derivative ofb p (n, s; D) is given by (i) of Lemma 8.10, 
andHo(m;D) and 5(d; D) are given by (8.19) and (8.20) respectively. 

(ii) If there is a unique prime p \ D such that Xd(p) = 1? then 

S' m (r, \;D) = 2 5(d; D/p) H (m; D) ■ (p k - 1) log(p) • q m . 

(iii) If m < 0, then 

S' m (T, -;D) = 2 5(d; D) H (m; D) ■ q m . — \ m \-% v ~% / e ~^WW r -\ ^ 

2 47T ./i 



where, for m < 0, Ho(m;D) is defined by (8.32) below, 
(iv) 



£' Q {r^D) = c{D)A D {2) 



^og(,)-2^-l + 2C + V^ g M 



(v) All other Fourier coefficients of £'(t, \',D) vanish. 



2 ' a 

l(a- I- 



Proof. We begin with the Eisenstein series E(r, s; D) for any D > 1. 
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First consider case (i), so that m > and that there are no primes p \ D with Xdip) 
Then, using (i) of Corollary 8.2, we have 



log(D)-log(7r) + 1- 7 + 
L'(l,Xd) 



+ 



W (t 1 $h 

m,oo \ ' 2 ' ' 

&>,();£>) 



i(l,Xd) 



21og(nD)-^ 



Mn,0;L>) 



The following fact is proved in section 15. 



Lemma 8.9. For m > 0, 

W m ,oo(r,i,$i) 



log(7rm) 



r'(|) 
r(|) 



+ J(47rmv) 



Using this result and the fact that 

Hi) 

r(|) " 

and recalling that 4m = n 2 <i, we obtain 
(8.27) E' m (r,^D) 

= E m (r^;D) 



2- 7 -21og(2), 



b' p jn,0;D) 
P & P (M;£) 

&;(n,0;D) 
6 P (n,0;D) 



p V 

-log(L>) + W log|n| p - 



Next we note the explicit expressions for the logarithmic derivatives of the b p (n, s; _D)'s 
which will be useful later. 



Lemma 8.10. (i) For a prime p \ D , 

1 b' p jn, 0; D) _ xd(p) - Xd (p) (2k + l)p k + (2k + 2)p k + 1 



2p 



logp b p (n,0;D) 



p k (p-i) 



= < 



1 - Xdip) +Xd(p)p k -p k+1 1-p 
2k if Xdip) = 1, 

ifXdip) = o, 



2p(l-(k+l)p k +kp k + 1 ) 

(p-l)(p*+l-l) 



l+3p-(2k+l)p k -3p k+L +2kp 
(p-l)(p k + 1 +p k -2) 



if Xdip) = - 1 - 
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(ii) For a prime p \ D with Xd(p) 1? 

lo g p-b pM D) j _ 2(1+^^-^-1 ^ Xd(p) = _ 1 . 
f/ere = ord p (n) . 



In case (ii), m > and there is a unique prime p \ D such that Xd{p) = 1. In this case, it is 
easy to verify 

(8.28) b' p (n, 0; D) = (1 + p - 2p k+l ) logp. 
Then, with the notation introduced above and using (8.14), we have 

(8.29) E' m (r, \\D) = -2 S(d; D/p) H (m; D) ■ q m ■ (p + l)" 1 • (1 + p - 2p k+1 ) logp. 
Recall that k = ord p (n). 

Finally, in case (iii), we need another result to be proved in section 15. 

Lemma 8.11. For m < 0: 

WL,oo(t, tt, $Jo) = Coo |m|* q m e " 47r H« \ e -^ m \ vr (r + l)" 1 A dr 
^ Jo 

= C 00 --q m v-^ J e-^ m \ vr r-i dr. 

Using the second expression of this Lemma and (i) of Corollary 8.2, we have, for m < 0, 
(8.30) 

E^(r, i; D) = c(D) C f (D) ■ ° ■ W^r, i $§) • L(l, Xd ) • (nD)" 1 J] 6 p (n, 0; D) 

v 

= c(D)C f (D)C^. 4 -^^.n-^ £ cnd-X-r 1 )) 

«>(d)M 3 v c| „ £|c / 

(c,D) = l 



x ( n( i -^))( i +p) 

xo m — u-3 / e~^\ m \ vr r~^ dr. 
4tt 
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where e(d) is the fundamental unit of the real quadratic field 
(8.18), this can rewritten as 



where 
(8.32) 



1 



(8.31) E' m (r, -;D) = 2 H (m; D) S(d; D) ■ q r 



1 

4n 



m 



/c 



\d\). Using the value 



e -^\m\vr r -\ dr 



H (m;D) = 



h{d) log|e(d)| 
^{d) 



c l™ «|c 

(c,C) = l 



v ; w(c 2 d) 



c\n 
(c,D) = l 



is the analogue of (8.19) and (8.22) in the case of a real quadratic field, i.e., for m < 0. 



Finally, we consider the constant term using (ii) of Corollary 8.2 and noting that for D = 
D(B), the second term there has a zero of order at least 2. This gives 



(8.33) 

E' (t,^; D) = c(D) A D (2) 
= c(D) A D (2) 



2- io ^ +i+2 t! 



\ log(t,) + 1 + log(D) - log(Tr) -7 + 2^| + 2^ 

^' > p\D P 



Now we return to the modified Eisenstein series 



£(t, s; D) = E(r, s; D) + £ E(r, s; £>/p) 

p|J3 



of (6.29) for L> = > 1. By (6.32), the Fourier coefficients of £'(r, \;D) for m < 

l . 

2 ' 



agree with those of E'(r, i; -D), so that (8.31) gives part (iii) of Theorem 8.8. 



If m > and for all p | D, Xd(p) 1) n °te that by (8.13) and Lemma 8.5, 
(8.34) 

E m (r, ^; D/p) = 2 8(d; D/p) H (m; D/p) q m 

= (1 - XAP))- 1 • . 2 ff(d; £)) Ho{m , D) . ? r 

1 -p 

n f 1 ~Xd(p) + Xd(p)p fc -p fc+1 1 

= (1-Xd(p)) 1 E m (r, -;D). 

1 — p 2 
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Therefore, 
(8.35) 



p\D 



1-p 



where the dots indicate the expression in (8.27) for E^(r, \ ',D). For a prime p \ D, we write 
d for c' p (^) / \og{p) and k = ord p (n). Then, the coefficient of log(p) inside the bracket is 



(8.36) -1-k 



1 b> p (n, 0; D) +c , {1 _ 1 - xM + Xd (p)p k ~ P k+J 



log(p) b p (n,0;D) 



1-p 



We now use (ii) of Lemma 8.10. If Xd(p) = — 1, (8.36) gives 
(8.37) 



2(p + l)p fc+1 + p 2 -4p- 1 , 1 p fc+1 +p fe -2 
p 2(p 2 -l) 2 p-1 



1 P k+1 + P k -2 

- 1 -* + 2 + 2(p-l) 



= -fc + 



( P +l)(p fc -l) 

2(p-l) 



If xd(p) = 0, (8.36) gives 



(8.38) f^- 1 



— 1 

= -l-fc + 



p-1 



p 



k+1 



p-1 



Thus, (8.27), (8.35), and these expressions for the coefficients K p of log(p) for p \ D yield 
(i) of Theorem 8.8. 

To prove (ii), suppose that m > and that there is a unique prime p \ D for which Xdip) = 1- 
Then, using (8.29) and (6.32), we have 

(8.39) 

7^) = E' m (r, i; £>) + £ • E m (r, ±; D/£) 



= -2 <5(d; D/p) fT (m; D) ■ q m ■ (p + l)" 1 • (1 + p - 2p k+1 ) \ogp 
1 

'2' 



+ C ;(-)-2 5(rf;D/p)i7o(m ;J D/p) Q r 



2 5(d;D/p)H (m; D) ■ q r 



-(p+l)- 1 -(l+p-2p k+1 )+c'-p k 



log(p) 



2 <J(d; £>/p) ^ (m; D) • q m • (p k - 1) log(p), 
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as claimed. 



Finally, we consider the constant term. By (8.33), Corollary 8.4 and (6.32), we have 
(8.40) 



= E' (r, I; £>) - £ log(p) • c(D/p) A D/p (2) 



= c(D)A D (2) 

= c(D)A D (2) 
(13.1) 

= c(D) A D (2) 
= c(D)A D (2) 



i log(") + 1 + MA) - Mt) - 7 + 2^ + £ (jTTi + ^i) to 8(P) 
- log(t;) + l-log(7r)-7 + 2^y + ^^- T 



i log(,) -2^-1 + 2 Iog(2) + logW + 7 + E ^ 



SV ' p\D 1 



where C is as in Definition 3.4. Here we use the fact that 
(8.41) 

□ 



c(D/p) A D/p (2) = -c(D) A D (2) £±1 



For later comparison, we note that the coefficient A' m (^ : v) in the term 



(8.42) 



£'m(T,l;D) = A' m (±v)q< 



in (i) of Theorem 8.8 can be written as a sum of four quantities: 
(8.43) 2 5(d;D)H (m;D) ■ 



(8.44) 
(8.45) 



1 , , . L'(l,xd) 1 , , x 1 



2S(d; D) Ho(m; D) ■ -J(4irmv), 
2 5(d;D)H (m;D)-J2( l °g\ n \ 



^(n,0;D) 
P 6 P (n,0 ;J D) 



pf£> 



and 
(8.46) 



2 6(d;D)H (m;D)- J2 K p 1o s(p)- 



V 
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Part III. Computations: geometric. 
§9. The geometry of Z(m)'s. 

In this section we will prepare the calculation of the coefficients of the generating series 
^degty) an d </>height ( T ) by describing some of the geometry of the special cycles Z{m). 

It turns out that the primes of bad reduction (i.e. p \ D(B)) play a very special role. Namely, 

(9.1) Z(m) xspec zSpec Z[D(B)~ 1 ] is reduced and is finite and flat over Spec Z[D(B)~ 1 ]. 

We denote by Z(m) hoTlz the closure of Z(m) Xs pec z Spec Z[D(B)~ 1 ] in Z(m) and call it 
the horizontal part of the special cycle. 

We first describe the generic fiber of Z{m). As in section 5, let L = V fl Ob, let L(m) be as 
in (5.7), and let 

(9.2) D z{m) = J] D x , 

x£L(m) 

as in (5.11). Then V acts on D Z (m) compatibly with its action on D, and we may represent 
Z(m)c as an orbifold mapping to [r \ D] 

(9.3) Z(m) c = [r\D z{m) } . 

We next give the degree of this orbifold. We recall the following notation from (8.2). For 
x G L with Q(x) = m > 0, let 

(9.4) k=Q[x] ~Q{X]/(X 2 + m) = Q(y/=m) . 

Let 0^ be its ring of integers and let —d = disc(Ofc) be its discriminant. Then the discrimi- 
nant of the order Z[x] = Z[X]/(X 2 + m) is equal to —4m. Write 4m = n 2 d, as in (8.2). We 
note that there is a map of discrete orbifolds 

(9.5) [r\D z(m) ] — [r\L(m)], 
which is 2 to 1. 



Proposition 9.1. For m > and k as above, 

(i) if k cannot be embedded into B, then Z{m)q = 0, 

(ii) otherwise, 

deg Z{m)q = 2 8(m, D) HQ{m, D). 
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Here the degree of Z(m)q is taken in the stack sense, i.e. each geometric point rj of Z(m)q 
counts with multiplicity l/|Aut(7/)|. 

Proof, (i) For any C-valued point (A, t) of M. we have an injection 

End(A, l) ^ B . 

Hence, if (A, t, x) is a C-valued point of Z(m) we obtain an injection k = Q[x] B. 
(ii) Using (9.8), we obtain 

(9.6) degZ(m) Q = 2 E . 

| J- x I 

x£L(m) 
mod T 

The following result finishes the proof of the Proposition. 
Lemma 9.2. Ifm>0, then 

E T^ 1 =5(d;D)-H Q (m;D), 

xEL(m) 
mod T 

where Ho(m;D) and 5(d;D) are given by (8.19) and (8.20). 

Proof. For any x G V(Q) D Ob with Q(x) = to, there is an associated embedding i x : 
Q( v / — to) — > £?, taking — to to a;. The order O c 2 d = z~ 1 (Os) is an invariant of the T = 
conjugacy class of i x and i x is an optimal embedding of O c 2 d , in the terminology of Eichler, 
[13]. Recall that the order Z[y/—m] has discriminant —Am and hence, conductor n. Let 

(9.7) Opt(O c2d ,O s ) = {i: Q( v /Z ^) -> 5 | i-\0 B ) = O c2d }/T 

be the set of V orbits of optimal embeddings. Recall that the order i~ 1 (Ob) is maximal at 
all primes p\D(B). The following fact is classical, [13]: 

(9.8) |Opt(O c2d , O b ) I = 5(d; D) ■ h(c 2 d). 
Using (8.21), we have 

>X 1-1 



( E l r -l _1 )= E \Opt(o c , d ,o B )\-\o* d \ 



xEL(m) 
Q(x)=m 
mod T 



c|n 
(c,£>) = l 



(9-9) =5(d-D)^j- E cn(l-Xd(')0 



c|n «|c 
(c,D) = l 



S(d;D)H Q (m;D). 
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□ 

Proof of Proposition 7.1. Comparing the expression just found for deg Z{m)q together with 
(2.7), we have 

<Wr) = Cd(-i) + 2 s ( d > D ^ H ^ D ^ 9™ 

m>0 

which coincides with £(r, |; D(B)), via Proposition 8.5, so that Proposition 7.1 is proved. □ 

Remark 9.3. The map Z(m)q — > .Mq is not a closed immersion, hence Z(m)Q is not a 
divisor on A4q. In fact, the morphism is of degree 2 over its image. To see this, note that 
if (A, x) G Z(m)(C), then End(A, t)q = k = Q(-\/— m). Hence the only other point of 
Z(m)(C) mapping to (AO £ M(C) is (A, — x). That the degree is 2 even in the stack 
sense follows from 

Aut(^4,t) = Aut(A l,x). □ 

The stack Z(m) can have some pathological features in characteristic p for p | D(B). 
Namely, as already mentioned in section 5, it can happen that Z(m) has dimension (only 
if k = Q( v / — m) does not embed into B, cf. (i) of Proposition 9.1) and also that Z(m) has 
embedded components. This leads us to introduce the Cohen-Macauleyfication Z(m) pure , 
[29]. In the case that Z(m) has dimension 0, this is empty. In all other cases Z(m) may 
be considered a divisor on M (but note that since Z(m) is not a closed substack of M, the 
degree of Z(m) over its image must be taken into account). But even after Z(m) is replaced 
by Z(m) pure , one interesting feature remains, namely the existence of vertical components 
in characteristic p | D(B). We write 

(9.10) Z(m) pure = Z(m) horiz + Z(m) veit 

(equality of "divisors" on where Z(m) vert is the sum with multiplicities of the irreducible 
vertical components in characteristic p as p runs over primes dividing D(B). We note that 
if we redefine 

(9.11) Z(m,v) = (Z(m) pure ,S(m,tO) 

then the expression (Z(m, v), OS) appearing in the definition of ^height (t) remains unchanged, 
cf. [29], section 4. We remark in passing that if Z{m)q — 0, then S(m, v) = 0, cf. (5.8) 

Taking (9.10) into account and using formula (5.11) of Bost [3], we may write 

(9.12) (Z(m,v),u) = hUZ(rn) honz ) + hUZ(m) vert ) + I f S(m, v) Cl (u>) . 

Z J[T\D] 
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Also note that the second summand on the right hand side may be written as the sum over 
contributions of the bad fibers , 

(9.13) MZ(m) vert )= E h (Z(my p ert ) , 

p\D(B) 

where, since Z(m) veTt has empty generic fiber, 

(9.14) MZ(m)^ ert ) = degMZ(m)7 rt ) log(p) . 
Here Z(m) v p e ^ = Z(m) vert x Spec z Spec Z p . 

In the next three sections we will evaluate explicitly each summand on the right hand side 
of (9.12). 

10. Contributions of horizontal components. 

In this section, we compute the quantity hcj(Z(m) horiz ). This will be done in two steps. We 
first express this quantity in terms of the Faltings heights of certain abelian surfaces which 
are isogenous to products of CM-elliptic curves. We then determine the effect of the isogeny 
on the Faltings height. 

Observe that Z(m) horiz is a union of horizontal integral substacks 
(10.1) Z(m) hOTiz = £ % 

where £ is the generic point of Z^. Let Z^ be the normalization of Z^ and let : Z^ — > A4 
be the composition of the normalization map Z% — > Z^ with the morphism Z^ — > M.. By 
linearity and the definition of ha, for horizontal cycles, cf. (4.4) section 4 and [3], we have 

MZ(m) horiz ) = E h ^ 

(!0-2) = V deg j?w • - *_m 

^ S ^ |Aut(OI 



1 



L : Q 

1 ^' rieZ(m) b °^(L) 



V deg j*w • -; 



for any sufficiently large number field L C Q, where ?y runs over the L points of Z(m) and 
where the factors involving Aut(£) = Aut((^4, t, x)g) and Aut(?y) = Aut((A, t, x),,) come in 
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due to the stack. Here we also write rj for the extension to r\ : Spec (Ol) —> M.- We may 
assume that A v , the abelian variety over L determined by rj, has semistable reduction over 
L. Then, by definition, the Faltings height h^ gl (A r} ) is given by 

(10.3) h* F , l (A v ) = \L:Q\- 1 feij* v u;. 

Here the notation /ip al indicates that we have used the metric | j | given in Definition 3.4, 
rather than the standard metric of (3.11). This point is discussed further below. Then: 



(10.4) MZ(m) hOTiz )= E ^Fai(A)' 

r)eZ(m) holiz (L) 

1 



1 



|Aut(7/)| 



= 2 J2 ^al(^) 
x£L(m) 
mod T 



In the last expression, we have used the description of Z(m)(C) = Z(m) hoTlz (C) as the 
orbifold \T\D Z ( m )], as in section 9, where the map [r\D Z (m)] ~^ [T\L(m)] is 2 to 1, together 
with the fact that the abelian varieties associated to the two points in D x (i.e., having 
opposite complex structures) have the same Faltings height. 

We next turn to the computation of the Faltings height h FaX {A) of an abelian surface A 
occuring in a triple (A,t,x) where t : Ob — > End(A) and x G End(^4, t) is a special en- 
domorphism with Q(x) = m, all defined over a number field L, where they all have good 
reduction. Let 4> x : k — > End (A) be the embedding determined by 4> x (^—m) = x and let 

(10.5) O c2d = 0J 1 (QWnEnd(A)), 

where O c 2 d is the order in of conductor c. In this case, we will say that the triple ( A, i, x) 
is of type c. Recall that the order 7L\\J —m\ C O c 2 d c has discriminant 4m, and that 
we have written 4m = n 2 d, where —d is the discriminant of O^. Then the order r L\-J—m\ 
has conductor n and c | n. Note, in addition, that the order O c 2 d must be maximal at all 
primes p \ D(B), and hence (c,D(B)) = 1. 

Here the key point is that the special endomorphism x with x 2 = —Q(x) ■ 1a forces A to be 
isogenous to a product of elliptic curves with CM by k — Q(\/—m). The isogeny of interest 
is constructed as follows. Since k splits B, we can choose an embedding of ip : k^ B such 
that 

(10.6) O k = ^-\0 B ), 

i.e., an optimal embedding, in the sense of Eichler. Then the endomorphisms 

(10.7) := x ± l o ^(v 73 ^) e End(A) 
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satisfy 

(10.8) + a~ = 2x and ck^T • a~ = 0. 

Let 



(10.9) E ± = (ker(a±))° 

be the identity component of the kernel of the endomorphism <xjjr. Choose an element 
r\ G Ob with tr(??) = and such that conjugation by r\ induces the Galois automorphism on 
ip(k). Note that 

(10.10) i(rj)a+ = a~ t(rj), 
and so 

(10.11) i(r ] )E ± =E T . 
Thus E ± are both elliptic curves, and we obtain an isogeny 

(10.12) u L : E + x E~ = (ker(a+))° x (ker(aj)) — > A, 

rational over L. Moreover, the elliptic curves E ± = (ker(a^)) are stable under 1^(0^), i.e., 
have complex multiplication by the full ring of integers of k. Note that the kernel of ul is 
the subgroup 

(10.13) M L = (ker(a+))° n (ker(«-))° 
embedded antidiagonally in E + x E~ . 



The behavior of the Faltings height under isogeny is nicely described in the article of Ray- 
naud, [39]. Our normalization of the Faltings height is the following. For an abelian 
variety B of dimension g over a number field L, let N(B) be the Neron model of B over 
S = Spec(Oi), and let ujb = £*(^ 9 Qn(b)/s) be the pullback by the zero section e of the 
top power of the sheaf of relative differentials on N(B). This invertible sheaf on Spec (Ol) 
has natural metrics; if a : L C is an embedding of L, then a section (3 of ujb determines 
a holomorphic g-form on B a (C), and 7 

(10-14) Il/C,nat = 



7 Note that we use the factor (57) 9 rather than (f) 9 - This is the normalization used in Bost, [3], for 
example. 
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If B has semi-stable reduction, then the Faltings height of B is given by 

(10.15) /i Fa i(B) = |L : Qp 1 dei (u B ) 

where degf^s) denotes that Arakelov degree of u>b- The quantity h-F a \(B) does not depend 
on the choice of L over which B has semi-stable reduction. 

In view of the normalization used in Definition 3.4, we introduce the metrics 

(10.16) \\0\\l = 



2tt 



B„(C) 



where, as before, C = \ ( log(4-7r) +7). We denote the resulting height by h Fal (B). The 
two heights are related by 

(10.17) h* Fal (B) = h Fal (B) + IgC. 



Assume that A has good reduction over L and let ul '■ A — > B be an isogeny defined over L. 
Let tt : N(A) — > N(B) be the resulting homomorphism of Neron models with M := ker(tt). 
Then, as a special case of [39], p. 205, 

(10.18) h Fal (B) = h Fal (A) + l - log(deg(w L )) - \L : Ql" 1 log \e*{Q} M/R )\. 

The quantity 8{u) := log |e*(0^ s )| is a sum of local contributions as follows. For each 
prime v of L with v \ deg(uL) : let R v be the completion of Ol at v and let M v = M®o L Rv 
Then 

(10.19) tf(«) = log|e*(nJ f/B )|= J] log|e*(0^ /i? J|. 

w|deg(Mi / ) 

For convenience, we set 

(10.20) 5>)=log|e*(Q^ /i? J|. 

This quantity is invariant under base change in the sense that if V is a finite extension of 
L and if u' is the base change of u to Spec (Ol'), then 



(10.21) 5» = ]TUA 

w\v 

where w runs over the primes of L' dividing v. 
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We now return to our isogeny ul, noting that A and E ± all have good reduction over L. 
Let 

(10.22) u : N(E + ) x N(E~) — ► N(A) 

be the homomorphism induced by ul and let M be its kernel. To calculate S v (u) for a prime 
v | deg(wi), we pass to the p-divisible groups, where p is the residue characteristic for v. 

Let G = G + x G~ (resp. A(p)) be the p-divisible group over R v associated to E + x E~ 
(resp. A) so that we have an exact sequence 

(10.23) — > C — > G — ► A(p) — ► 

determined by the isogeny u. Since the prime to p part of the kernel of u is automatically 
etale over R v , the invariant S v (u) depends only on the p-divisible groups and hence on C. 
The isogeny (10.23) corresponds to a submodule T' of V(G), the rational Tate module of 
G, 

(10.24) T(G) cT'c V(G) = V(G + ) © V(G~). 

The fact that E ± maps injectively into A implies that G ± A{p) and hence 

(10.25) T' n V(G ± ) = T(G ± ). 
Thus there are isomorphisms 

(10.26) pr+(T')/T(G+) ^- T' /T(G) pr" (T')/T(G"). 



Proposition 10.1. Suppose that p splits in k. Then ordp(deg(-UL)) = 2 ord p (c) . Moreover, 
for any place v of L with v \ p, the group C is etale over R v , and hence 

8 v {u) = log|e*(Q^ /i? J| = \og\e*(^ c/R J\ = 0. 



Proof. We write 

(10.27) k p ~ 

Qp©Qp 5 a i— > (oji, 0:2), 



and let Ai and A2 be the corresponding algebra homomorphisms from k p to Q p . Let Go 
(resp. G&) be the connected (resp. etale) part of G, and note that, for example 

(10.28) G = G+ x Gq. 
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Since the action of O := © Z p ~ Z p © Z p preserves Gq , the action of O on the Tate 
module T(G ± ) must have the form 

(10.29) T(G + ) = T{G+)®T{G+) ~Z p ©Z p , Ai © A 2 
T(G-) = T(Gq ) © T(G7 t ) ~ Z p © Z p , A 2 © Ai, 

where the switch of characters is due to the fact that the isogeny induced by rj is O- 
antilinear but must preserve the connected-etale decomposition. Thus there is a canonical 
decomposition 

(10.30) T(G) = T(Gq) © T(Gq) © T(Gf t ) © T(GT t ), Ai©A 2 ©A 2 ©Ai. 

Since the Z p -lattice T' C V(G) is stable under O, it must be generated by coset represen- 
tatives of the form (x,0,0,w) and (0,y, z, 0). Condition (10.24) implies, for example, that 
if x = for such a representative, then w = (i.e., lies in Z p ). It follows that 

(10.31) T' = Z p ■ (p~ r , 0, 0, eip" r ) + Z p • (0,p" s , e 2 p" s , 0) + T{G). 

for units ei and e 2 and non-negative integers r and s. In addition, we can choose the element 
rj G Ob above so that r] 2 is prime to p and so rj induces an automorphism on A(p). Since T' 
is stable under this automorphism, we must have r = s and e\ = e 2 mod p r . On the other 
hand, the <^> x -action of O on V(G) is given by 

(10.32) A 2 ©A 2 ©Ai©Ai. 
The (j) x action of a G O preserves T' if and only if 

(10.33) a G O c 2 d ®Z p = {( ai ,a 2 )0 \ a x = a 2 mod p ordp(c) }. 

Thus, we conclude that r = ord p (c). This proves that ord p (deg(-u_L)) = 2ord p (c). 

To finish the proof of the Proposition, it suffices to show that 

(10.34) T'nV(Go) =T(G ), 

so that the projection to the etale part G — > Get induces an isomorphism on C. But this is 
clear from our description of the coset representatives. □ 



Proposition 10.2. Suppose that p is inert or ramified in k. 

(i) If p \ D(B), then for any place v of L with v \ p, there is a factorization u = v) ou° with 
isogenics and u° such that 

£>v{u°) = ^ • \L V : Q p \ ■ (ord p (deg(-u L )) - 2ord p (c) ), 
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and ord p (deg(w^)) = 2ord p (c) = 2s. Moreover, 

i. ( »t) = it. =<m i 1 i ogW . 

(1 -p 1 )- {p-x{P)) 

Here xip) = ~ 1 tfP * 5 inert and x(p) = if p is ramified in k. 
(ii) If p | D{B), then ord p (deg(-u_L)) = and 8 v {u) = 0. 



Proof. Let ¥ q be the residue field O/irO, where tt is a fixed prime element of O. Also write 
O s = O c 2 d ©Z p , where s = ord p (c). For convenience, we temporarily write L in place of L v 
and Ol in place of Ol v - 

Now G ± = E ± {p) is a formal group of dimension 1 and height 2 over R v = Ol v with 
an action of O, i.e., a special formal C-module in the sense of Drinfeld. We consider the 
sequence 

(10.35) G — ► G+ x G~ 

and note that © O s acts on After replacing I by a finite extension and using the 

invariance property (10.21), we may assume that Go := G + ~ G~ . 



First suppose that p\ D(B). Then, fixing an isomorphism 

(10.36) O b ®z O s ~ M 2 (Z P ) © Zp O s ~ M 2 (O s ), 

we may write A(p) ~ G s x G s , where G s is a 1-dimensional formal group of height 2. Since 
(A, l,x) was supposed to be of type c, we have End(G s ) = O s , hence the notation for G s , 
consistent with that for Gq. The isogeny u corresponds to an inclusion of Tate modules 

(10.37) T(G ) © T(G ) = T(G x G ) C T(A(p)) = T(G S x G 8 ) = T(G S ) © T(G S ). 

Note that the two direct sums here are not necessarily compatible. Let T(G s )t be the largest 
0-module contained in the s -module T(G S ). Note that 

(10.38) T(G s y © T(G s )i 

is the largest (9-module contained in T(G S ) ©T(G S ). Hence the inclusion (10.37) gives rise 
to a chain of inclusions 

(10.39) T(G ) © T(G ) C T(G s ) t © T(G s ) t c T(G S ) © T(G S ). 
Hence the isogeny u factors as 

(10.40) G x G ^ G\xG\^ G s x G s . 
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By the elementary divisor theorem, we can then find automorphisms a of Gq x Go and (3 of 
G\ x G\ such that (3 o u° o a is of the form u° x for isogenies u° : Gq — > G\, i = 1, 2. Each 
of the isogenies «• corresponds to an inclusion of Tate modules T{Gq) C T(Gj) C F(Go). 
Since both Tate modules are free 0-modules of rank 1, there exists an isomorphism G — G\ 
such that u° is given by multiplication by an element [/; e O, On the other hand, the 
isogeny is of the form vJ = u\ x u\ , where the isogeny u\ is determined by the inclusion 
T(G s y C T(G S ). If we choose an isomorphism T(G s ) f ~ O, then 

(10.41) T(G S ) ~ p - s eZ p + 0, 

where e is a unit in O. This implies that the degree of the isogeny u\ is p s : as claimed. 

The contribution S v (u^) = 25 v (u\) of the isogeny to the invariant S v (u) = 5 v (u°) +5 v (u^) 
can now be obtained from the following result, whose proof we include, for the sake of 
completeness. 



Proposition 10.3. (Nakkajima-Taguchi, [36]) Let k p /Q p be a quadratic extension and let 
L/kp be a finite extension. Let Gq be a one- dimensional formal O-module over Ol- For 
s > suppose that A : Go — > G s is an isogeny of degree p s over Ol such that End(G s ) = O s . 
Let D = Ker A. Then 

i i *oi i 1 n o i (i-r)-(i-x(ri) , 

log|e n D/OL \ = -\L:Q p \ {1 _ p - 1} . {p _ x{p)) ^P ■ 
Here xip) ^ s ~ 1 (resp. 0) depending on whether k p /Q p is unramified or ramified. 



Proof. (Sketch) Let Go be defined by the formal group law g(X, Y) e Y]]. Then by 

Serre's isogeny formula, [19], 

(10.42) D = Spec O l [[X]]/ J] g(X,d). 

deD 

It follows that 

(10.43) s*rt D/OL =0 L /( l[g(X,d)) 

=o L /{ n rf ) • 

deD\{0} 

A consideration of the Newton polygon of [7r r ]G = ^ r X + . . . shows that if d e D \ {0} is 
of precise 7r-order r then 

(10.44) ord(rf) ' 



q r- q r-l 
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Here, as before, 7r denotes a prime element of h p and the ord function is normalized by 
ord(7r) = 1. It follows that 

(10-45) ko L (^ 1 D/0 J = e L/kp - £ ord ( rf ) 

deD\{0} 

= e V £(r) 

^/^p / / — 1 

Here £(r) denotes the number of elements of D(L) of exact 7r-order £(r). But the conditions 
deg(A) = p s and End(G s ) = O s imply that 

(10.46) D(L) T(G S )/T(G ) = {p- s eZ p + 0)/0 = p~ s Z p /Z p , 

where £ is a unit in O. Hence, for r > 1. 



(10.47) £{r) = 



p r — p r 1 1 < r < s, if fc„/Qp is unramified 



"pi V]3 

- — l 



p2 — ps 1 1 < r < 2s, 2 | r, if fc p /Q p is ramified 
and is zero in all other cases. It follows that 

(10.48) Iog|e*ni, /O j = f L/Qp ■ IgoA^^o/oJ ■ l°gP 

s £(r) 

= fL/Q p ■ e L/kp ■J2 q r_ q r-l l °SP > 

which yields the assertion. □ 

Finally, the contribution 8 v {u°) = 8 v (u°) + ^(u^) is given by the following result. 

Lemma 10.4. For extensions L/k p /Q p as in the previous Proposition, suppose that Go is 
a one- dimensional formal O -module over Ol- Let A : Go — > Go be the isogeny given by 
multiplication by a non-zero element v e O . Let D = ker(A). Then 

Iog|e*^ /Oi | = - \L : Q p | log(deg A) . 



Proof. Let s = ord(f). Then, there are q r — q r 1 elements in D(L) ~ n s O/0 of exact 
order 7r r , for 1 < r < s, and none for all other r. Hence 

S y ^ 

(10.49) \g OL (e*Q 1 D/OL ) = e L/kp ■ £ 9 r _ = eL/ fcp • s. 



51 

It follows that 

(10.50) log|£*fi^ /0i | = e L/kp ■ f L/Qp ■ s ■ \ogp = ^ \L : Q p \ ■ s ■ log(g). 
The assertion follows since the isogeny A has degree q s . □ 

Finally, we consider the case p | D(B), and we recall that ord p (c) = 0, so that O s = O = O. 
Once again, we consider the action of Ob <S> O on A(p). We fix an isomorphism 

(10.51) B®k p ~M 2 (k p ), with B ®0 ^ M 2 (0). 
and such that, for a G fc p , 

(10.52) l®a^(^ a and ip(a)®l^(^ a ^ 
where ip is the embedding of k into B chosen above. 



Lemma 10.5. (i) Ifk p /Q p is unramified, then the image ofOs®0 in M 2 (0) is the order 

O O 
pO o 

(ii) If k p /Q p is ramified, then there is an element A G (Ob <S> 0) x whose image in GL 2 (¥ p ) 
under the composition of maps 

O b ®0^ M 2 (0) — > M 2 (¥ p ) 

has eigenvalues which are not rational over ¥ p . 

(Hi) In the ramified case, suppose that A is an O -lattice contained in k 2 which is stable 
under Ob ® O. Then A is homothetic to A = O 2 . 



Remark 10.6. In fact, if p ^ 2 and k p /Q p is ramified, then the image of Ob ®0 in M 2 (0) 
is conjugate to red _1 (F p 2), where 

red : M 2 (0) ^ M 2 (¥ p ) 

is the reduction modulo n, and F p 2 is the nontrivial quadratic extension of F p , viewed as a 
subalgebra of M 2 (F p ). 



Proof. In the unramified case, we may write 

(10.53) o B ®z p = e>(n), 
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where II G Ob is an element with IT 2 = p which normalizes ifi(kp) and acts on it by the 
Galois automorphism cr, i.e., Ila = a°TI. The image of Ob <E> O in M 2 (0) is then generated 
by the elements of the form 



(10.54) 




for a G O. Since k p is unramified, there is an a G O such that a — a a is a unit, and hence 
such elements generate the Eichler order as claimed in (i). 

Next suppose that k p is ramified. Let k a be the unramified quadratic extention of Q p and 
let O a be its ring of integers, with generator A having unit norm. Again, we can write 
Ob ® Z p = O ( U ). But now, the image of A <8> 1 G (Ob <S> 0) x gives the element required 
in (ii). 

Finally, to prove (iii), observe that the lattice A = O 2 is preserved by Ob <8> O, and hence 
is fixed by the element A of part (ii). If A is another O-lattice, preserved by Ob <8> O, 
then A must also be fixed by A. The whole geodesic joining the vertices [Ao] and [A] in 
the building of PGL 2 (k p ) is then fixed by A. In particular, A must then fix a vertex at 
distance 1 from [Ao]. But this implies that the image of A in PGL 2 (¥ p ) has a fixed point 
on P 1 (F P ) = P(A /7rA ), and hence an F p -rational eigenvector /eigenvalue, which has been 
excluded. □ 



Returning to A(p) and our isogeny, the isomorphism (10.51) determines an isomorphism 

(10.55) V(A(p)) ~ k 2 , 
under which 

(10.56) v(G+) = k-(^j and V(G~) = k ■ (^j . 

The image of the Tate module T(A(p)) in k 2 is an 0-lattice which is stable under the action 
of O b <8> O. 

If k p is unramified, then T(A(p)) C k is an (^-lattice stable under the Eichler order 
O' C M 2 (0) in (i) of Lemma. Let \ 2 = e + + e_ G O' where 

(10.57) e + =(° ^ and e_ = j)eO'. 

If y = y+ + y_ G T(A(p)) with y± G F(G±), then y ± = e±y G V(G±) Pi T(A(p)) = T(G±), 
and hence T(A(p)) = T(G + x G~). Thus, our isogeny has degree 1 and 5„(tt) = 0. 

If k p /Q p is ramified, then, by (iii) of Lemma 10.5, T(A(p)) is homothetic to A = O 2 . But 
then, since T(G ± ) = T(A(p)) nl/(G ± ), we have simply T(G+ xG~) = T(A(p)), so again our 
isogeny has degree 1 and 5 v (u) = 0. This finishes the proof of (ii) of Proposition 10.2. □ 



We can now compute the Faltings height. 
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Theorem 10.7. Suppose that the triple (A, l, x), defined over a number field L, is of type 
c. Write 4m = n 2 d, with —d a fundamental discriminant, and let E = Ed be an elliptic 
curve over L with complex multiplication by O^, the ring of integers in k = Q(y/—d). Then 

= 2 vue) + iog(c) - £ 1 (1 _ p -i ) . (p : x( ^ ) ) • lo ^)- 

f/ere x = Xd is as in (8.3). 



Proof. We apply formula (10.18) to the isogeny E + x E — > A defined above. The change 
in the Faltings height due to the isogeny has the form 

(10-58) \ log(deg(« L )) - ^±^J^6 v (u). 

We write 

(10.59) ^ log(deg(w L )) = ^ord p (deg(w L )) • log(p), 

v 

so that (10.58) can be written as a sum of local contributions (10.58) p which we now describe 
case by case. 

If p is split in fc, then by Proposition 10.1, 

(10.60) (10.58) p = ordp(c) -log(p). 



If p \ D(B) is inert or ramified, by Proposition 10.2 , (10.58) p is equal to: 



(10.61) 
1 

2 



ord p (deg(w L )) • log(p) 



70|El L « : <W Q H^gK)) - 2r] + (llH^-xW) ) '° g(P) 



_ (i- P -).(i-x(rt)A , w 

(l-p- 1 )-(p-X(p))/' sw 
where we have set r = ord p (c). 

If p | D{B), then by the considerations after Lemma 10.5, (10.58) p = 0. □ 
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Theorem 10.8. The contribution of the 'horizontal' part to the pairing (Z(m,v),u)) is 
MZ(m) hOTiz ) = 2 6(d, D) H (m, D(B)) 2 h* Fal (E) 

+ 2S(d, D)^- Yl c II( 1 " xWr 1 ) ■ V P (ord p (c)) log(p), 

c\n ^ P 

(c,D(B)) = l 

where, for r G Z>o, 



nfrW (i-p- r )-(i-x(p)) 



Proof. Continuing (10.4) above, we have 
MZ(m) hOTiz ) 

= 2 E E ^al(^)-^ 

I 1 x | 



c l n x6L(m) 
mod T 
type c 



c l n i6i(m) 
mod T 
type c 



2S(d,D)H (m,D(B))2h F&l (E) 

h(d) 



(c,U(S))=l 

as claimed. □ 

We now make the comparison of this expression with terms arising in the the positive Fourier 
coefficients of the derivative of the modified Eisenstein series. To do this, we need a better 
expression for the sum on c in the second term in Theorem 10.8. For convenience in the 
calculations, we let 

( p fc -i 



(10.62) /3 p (k) = -2k + < 



p*(p-i) » if Xdip) = 1, 

(3p+l)(p fc -l)-4fc(p-l) ify ,^__ 1 

(p-l)(p fe + 1 +p fe -2) ' 11 WW — J-) 

Vp^I-p^T ifXd(p) = 0. 
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Note that when k = ord p (n), then, by (i) of Lemma 8.7 
(10.63) (3 p {k) 



1 b' p (n,0;D) 



log(p) b p {n,0;D) 

Lemma 10.9. Let 4m = n 2 d, as before. Then the following identity holds for any square- 
free D > 0: 



h{d) 

c l™ pic pic 
(c,r>)=i 



Yl c II^ 1 ~~ Xd(p)p X ) ^?7p(ord p (c)) log(p) 



^(m; D) • ( - ordp(n) - /3 p (ord p (n)) ) log(p) 



(p,D) = l 



(p,£>) = l 



Proof. We note that the sum on the last expression of the Lemma (right hand side) is finite 
since only summands for p with p\n are non-zero. We proceed by induction on the number 
of prime factors of n. To start the induction, let n = p l . Then the first expression of the 
Lemma (left hand side) is equal to 

(10-64) M . (1 _ Xd (p)p-i) Vp (r) ■ logp 

(note that the contribution of c = 1 is trivial). By (8.19) and (10.62), the right hand side is 
equal to 

(10-65) • (1 - X d{p)p- 1 ) + lj ■ (~t ~ P P (t)) ■ logp. 

Case by case, one can check that these two expressions coincide. 

h(d) 
w(d) 



Case Xd(p) = 1 ; Then (10.64) without the factor ■ \og(p) is equal to 



* * t _ i 

(10.66) p- 1 ) r = (p - 1) rP 7 " 1 = *P* ~ ^TJ- 

r=l r=l ^ 

On the other hand, (10.65) without the factor • log(p) is equal to 

(10.67) ^>'(1 - p" 1 ) + lj-(t- P~ l j^f) =P t {t- p~* ^fj 
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Case Xdip) = ~ 1 ; Then (10.64) without the factor • log(p) is equal to 

r=l ^ V J 

(10.68) =^ +p -^J2(rp r -2p^^j 

__ (p-l)t (p*(p + 1) + 2) - (3p + 1) (p* - 1) 
(p-1) 2 

On the other hand, (10.65) without the factor ■ log(p) is equal to 

V^l + P-M + I^ ^_ (3P+l)(^-l)-4^-l) 
6Q = p^+^-2 / _ (3p + l)(p* - 1) - 4£(p - 1) 



p-1 \ (p- 1) (p^ 1 + p l -2) 

(p - 1) t (p*(p + 1) + 2) - (3p + 1) (p* - 1) 
(p-1) 2 

Case = ; Then (10.64) without the factor ■ log(p) is equal to 

J^p r (r-p~ 



r=l 

t 



-r P r ~l 
p-1 



p r - 1 



(io.7o) 



/ — "I r=l ^ 



p t+1 - 1 / 2 2t + 2 



p — 1 V p — 1 p* +1 — 1 



On the other hand, (10.65) without the factor -^l • log(p) is equal to 



, n „ . (4^ r \ ( 2 2t + 2 \ p t+1 -If 2 2t + 2 \ 

(Zf) (« - ^ + = ^ (« - ^ + • 

We therefore have checked the beginning of the induction. Let us now perform the induction 
step. Let n = p f ■ no where p \ hq. Let us put mo = m/p 2 *, so that 4mo = n\d. We may 
assume that p { D because otherwise both sides of the identity for n coincide with the 
corresponding sides of the identity for no, so that we may apply the induction hypothesis. 
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We write C{m) resp. 1Z{m) for the left hand side resp. right hand side of our identity 
corresponding to m. Then C(m) is equal to 

(10.72) 

h(d) 1 



(c ,C) = l 

e c -(n( i -^(^- i ))-E^(^( c o)) i °gw 



c o l"o ^|c ( ) 7 £\c 

(c ,n)=i 



We recall that 



(10.73) £ con(l-X^W 1 )=^o(mo; J D). 



c |n Q £ \ c O 
(c t) ,D) = l 



Hence we can write the above expression as a sum of three terms, the first one being 
(10.74) 

S E co(n( 1 -^r 1 ))-(i-x d (pK 1 )E^^( r ) 1 °g^) 

(c ,D) = l 

t 

=H (m ,D) ■ (1-Xd(p)p~ 1 ) ^2p r V P ( r ) log(p) • 

r=l 

The second and the third term are respectively equal to 

(10.75) C(mo) ■ (1 - Xdip) ■ P- 1 ) £> r = C ( m o) ' ( X " Xd{p)p~ 1 ) P P —r 



P 

r—l 



and £(mo). 

We thus obtain 
(10.76) 

C{m) = ^"^^^^^"^ A^+go^o^)^!-^.^- 1 ) j^p r Vv{r)\og{p) . 

By induction we have for the last summand 

t 

H (m ;D) • (1 - Xd(p)p~ 1 ) ^P r V P {r) log(p) 

r=l 

(10.77) 

= ^oK^)- (^p r (l-Xd(p)p _1 ) + l)( - t-(3 p (t)) log(p) 
= H (m;D)-( -t-p p (t)) log(p) . 
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Hence 

(10.78) C(m) = P t+1 -Xd(p)p^ + Xd( P )-l £(mo) + Ho{m . D) { _ t _ pp{f)) lQg(p) 
Now recall from (8.13) and Lemma 8.5 that 

(10.79) i/„(m; D) = ^jyrT] "' + ' ~ ^"^ + X " (g) " 1 . 

w(d) - LJ - q — 1 

K > q\D H 

It follows that 

(1Q 8Q) H (m;D) = p t+1 - Xd(p)p t + Xd(p) - 1 

1 ' ' H (m ;D) ~~~ p-1 

From the definition of TZ(m) we have 

(10.81) 



K(m) = TT °; \ ^ • K(m ) + H (m, D) ■ (-t - (3 p (t)) log(p) 



H (m,D) 
H (m ; D) 

P t+1 - Xd(p)p t + Xd(p) - 1 



p-1 



K{m ) + H {m;D)-(-t-p p (t))\og{p) . 



Comparing (10.78) with (10.81), the induction hypothesis £(mo) = 1Z{mo) implies the 
assertion. □ 



The following result is well known, cf., for example, [9]. 



Proposition 10.10. With the normalization given by (10.14) above, the Faltings height 
h-F a i(E) of an elliptic curve E with CM by is given by 

v ' a=l 



Remark 10.11. The value for 2/i Fa i(i?) in Colmez [9], p. 633 is our 2/i Fa i(i?) — log(27r) due 
to a difference in the normalization of the metric on the Hodge bundle. 
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Our renormalized Faltings height is then given by 

(10.82) 2 h* F&l (E) = 2 h Fal (E) + \ log(Tr) + ^ + log(2) 

= 2 l0g(rf)+ L(l^y-2 l0g(7r) -2 7 



Combining these facts, we have 



Corollary 10.12. The contribution of the 'horizontal' part to the pairing (Z(m,v),u>) is 
M^M h ° riz ) = 2 S(d; D) H (m; D) \ log(d) + - \ logfr) - ± 7 

&>,0;D) 



n 



b p (.n,0;D) 



pfD = l 



Proof of Theorem 7.2. Looking back to the end of section 8, we see that the expression of 
Corollary 10.12 for h l 2)(Z(m) horiz ) coincides exactly with the sum of (8.43) and (8.45). The 
remaining terms will be considered in the next two sections. 

§11. Contributions of vertical components. 

In this section we fix a prime number p with p | D(B). We wish to determine the quantity 
deg(w|Z(m); ert ), cf. (9.11), using the results of [29]. 

We describe Z(m) xs pec z Spec W(¥ p ) in terms of the p-adic uniformization of M Xs pec z 
Spec (F p ), comp. section 2. To this end we fix x £ Ob' with tr°(x) = and x 2 = —m. As in 
section 2 we identify B' <g> with B ® A p and H(A p f ) with H'(A p f ) and K p with K' p . Put 

(11.1) I(x) = {gK p e H'(A p f )/K'> p \ g^xg G 6%} . 

We also use the abbreviation £lw(w p ) f° r ^ 2 x s P fz p Spf W(F P ). Let x = x, if ord p (m) = 
(resp. x, = 1 + x, if ord p (m) > 0). Let 

(n.2) z{x) = (n w{fp) x Zf 

be the fixed point set of x G H'(Q p ). Denoting by H' x the stabilizer of x in H', we have, 
[29], 

(11.3) Z(m) x Spec z Spec W(F P ) = [i^(Q) \ 7(x) x Z(x)} 
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(quotient in the sense of stacks). Since ord p det(x) = 0, we have 

(11.4) Z(x) = & w{fp) x Z . 
Since the set 

H' x (A p f )\{geH'(A p f )\ g-'xgeO^,} 

is compact, the group H' X (A P ) has only finitely many orbits on I(x). Let gi, ■ ■ ■ ,g r £ H'(A P ) 
such that 

r 

(11.5) I(x) = l[H' x (A p f )g i K'* . 

i=l 

Then we may rewrite (11.3) as 

r 

II [H' X (Q) \ (h' x (A*)/(K?> n H' X (A*)) x Z x fi^ 
i=i 

where = gi K'P gi . 



Note that i?^(Q) = fc x , where fc = Q(y/—m) is the imaginary quadratic field associated to 
m. Let us first consider the case where p does not split in fc. Then 

(11.6) ordpdet(fcp) = 5 P ■ Z , 

where 5 P = 2 if p is unramified in fc and 5 P = 1 if p is ramified in fc. Let 

(11.7) H'^Q) 1 = {ge H' X (Q) | ord p (det(^)) = 0} . 

Then iJ^(Q) 1 acts with finite stabilizer groups on H' X (A P ) / [K^ v fl H' X (A P )). Hence we may 
rewrite (11.3) as 5 P copies of 



(11.8) fl ^(Q) 1 \ ( H '(A P f)/ (Ki P n H' x (A p f )) 



i=i 



(here the first factor is taken in the sense of stacks). 



Appealing now to [29], Proposition 3.2, we obtain the following expression for the vertical 
components of Z(m): 

(11.9) 

Z(m) vert x SpecZ Spec W(f p ) 

= Z/5 p Zx]l[HUQ) 1 \(H\A p )/(K^nH' x (A p )))] x ( £ mult [A] (x) • P [A] 

i=l ^[A]eB 

Here [A] ranges over the vertices of the Bruhat-Tits tree of PGL2(Q P ) and the multiplic- 
ity with which the prime divisor P[ A ] occurs is given by loc.cit., (3.9) for p ^ 2 and by 
Proposition A.l in the Appendix below for p = 2. 
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Proposition 11.1. For any [A] G B we have 

deg(u;|P [A ])=p-l . 

Proof. Of course, here deg(a>|P[A]) is shorthand for 

deg i* [A] (u®z W(¥ p )) , 

where i[ A ] : P[a] — > M. x Spec z Spec VF(F p ) is the natural morphism. We write Ob p as 

Bp = Z p2 [n]/(n 2 =p, Ua = a a U, VaGZ p2 ) . 

For the inverse image of the universal abelian scheme (A, t) on M Xg pec % Spec W(¥ p ) we 
have 

(11.10) Lie^ = £ ©^i , 
where Ci = {x E Lie A \ t(a)x = a a x, Va G Z p 2}. 

Due to the determinant condition (1.1), both Cq and L\ are line bundles on M. X-SpecZ 
Spec W(W P ) and 

(11.11) oj ® z W(¥ p ) = Cq 1 • 

The fiber of Ci at a F p -valued point of M is expressed as follows in terms of the Dieudonne 
module M of the corresponding abelian variety, 

(11.12) C = M /VM 1 , d = Mi/VMq . 

Here M = M © Mi is the eigenspace decomposition under the action of Z p 2 analogous to 
(11.10). 

To fix ideas assume that A is even ([29]). Then for every x G P[a](F p ) we have 

(11.13) M = A ® Zp W(¥ p ), VM = UM ; C 0x = M /4 , 
where £ x is the line in A ®i p ¥ p corresponding to x. It follows that 
(11-14) i* [A] (C ) = <D F[A] (1) . 

(It is Of [A] (l) rather than C?p [A] (— 1) since C obviously has global sections.) To calculate 
z* A j(£i), we use the exact sequence of coherent sheaves on fi W (F p ) 

(11.15) — > d C — >■ C P odd — »■ . 
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Here C P odd denotes the structure sheaf of the closed subscheme of the special fiber ([29], 
section 2), 

(11.16) |J P [A] C Q w(fp) ® w( F p) F p . 

[A] odd 

This sequence remains exact after pulling back and yields 

(11-17) — zf A] (A) — if A] (£ ) — Pp [a]( f p ) — 

(note that ^(£1) is torsion- free) . Here we used that P[ A ](F P ) = P[ A ] fl ( (J P[ A ])- From 

[A] odd 

(11.14) we obtain 

(11.18) deg zf A] (A) = deg zf A] (£o) - (p+ 1) 

= ~P ■ 

Now the identity (11.11) yields the assertion. The case where [A] is odd is similar. □ 



Remark 11.2. Another proof of Proposition 11.1 may be obtained by using Proposition 
3.2. Indeed, by that proposition we may identify u> and the relative dualizing sheaf u>m/z- 
It follows that 

deg(w|P [A] ) = deg(oj M/z \ P [A] ) = deg(<jJ M ® zfp/f J P [A] ) . 

By expressing the dualizing sheaf Wm®zW p /w p explicitly, it is easy to calculate the last 
term. □ 



Corollary 11.3. Let k = ord p n, where, as usual, 4m = n 2 d. Then 



{ 1 

—2k + (p + 1) • ~\ if P i> s unramified in k 
k+1 _ 

—2k — 2 + 2 ■ p x 1 if p is ramified in k. 



Proof. It remains to calculate X4A] mult[A](x). If p is odd, this is an easy exercise using the 
results of [29], section 6. For instance, let p be odd and unramified and put a = ord p (m) 
so that a = 2k. Then 



E, s ol . __] (a \ -a p + l pa — 1 

mult |A] (x) = I + ( P+ l)^p" >(--r )=_ + _._ 

[A] r=l " 
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The case p = 2 is handled in the Appendix to this section. □ 
It now remains to determine the degree of the discrete stack 

II [^(Q) 1 \ (H'(A p f )/(K^ n ff£(AJ))) 

i=l 

Now the elements gi, ■ ■ ■ ,g r are in one-to-one correspondence with the 0^' x -conjugacy 
classes of embeddings of rings 

f : k®A p f — > B <g> A p , 
with x G To each embedding j p there is associated an order of fc, 

O0' p ) = ((j p )- 1 (o^).o fcp )nfc. 

The conductor c = c(j p ) of this order satisfies (c,D(B)) = 1 and c | n, because x G 
(j p ) _1 (0^). Conversely, given c with those two properties, there are precisely 

n (i-xdO) 

e\D(B),e^ P 

classes of embeddings j p yielding the order of conductor c. Finally, if yields the order of 
conductor c, the stack [i^(Q) 1 \ {H'{K p f )/K[ n if£(Aj))] may be identified with 

[fc x,1 \(fc®A;/^)] 

which has degree h(c 2 d)/w(c 2 d). Summarizing these arguments, we therefore obtain 
Lemma 11.4. 

S P ■ deg [^(Q) 1 \ H'{K P )/K'f n H' X {K P )] 



€|D(B) o\n 

(c,C(B)) = l 

= S(d;D(B))-H (m;D(B)) . 



□ 



Now let us consider the case when p splits in k. In this case ord p (det(fc p )) = Z, but H xy 
does not act with finite stabilizer groups on H x (A p f )/(K ,p C]H x (A p f )). Let e(x) G H' X (Q) = k x 
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be an element whose localization in k p = Q p © Q p has valuation (1,-1). Let H^Q) 1,1 be 
the subgroup of elements of H' X (Q) which are units at p. Then H'^Q) 1 = f^(Q) 1 ' 1 x (e(x) z ), 
and iJ^(Q) 1 ' 1 acts with finite stabilizer groups on H' X (A P ) / '{K lp n H' X (A P ^)), whereas e(x) 
acts freely on fi^p ^ by translations by 2 on the 'apartment of central components' ([29]). 
We obtain therefore the following expression for (11.3) in this case 



( n - 19 ) (lJ[^(Q) 1 ' 1 \(^(A p / )/(^' p n^(A^)))] ) x ((e(xf)\n 



\i=l 

The same analysis as before yields 



(11.20) deg(]J [h' x (Q)^\ (^(Aj)/(/fJ*n^(Aj)))] ) 

= n a-xdco)- e Mc 2 ^/^^) 



*|D(B) c|ra 

(c,D(B)) = l 



= S(d;D(B)/p)-H (m;D(B)) . 
Using Proposition 11.1 we have 

(11.21) degM ((e(xf)\& w{fp) )) = 2(p-l) ^mult [A] (x). 

[A] 

The sum on the right hand side runs over all vertices [A] such that the closest vertex on the 
apartment corresponding to k p is a fixed vertex. This sum can again be evaluated using 
[29], 3.9, for p odd (resp. the appendix to this section for p = 2). 

We summarize our findings in the following theorem. 

Theorem 11.5. Let k = ord p (n), where, as usual, 4m = n 2 d. 
(i) If p splits in k, then 

deg(u | Z{m)l^) = 2H (m;D(B))5(d;D(B)/p) ■ (p k - 1). 

(ii) 

deg(iv | Z(my p ert ) = 2 H (m; D(B)) S(d; D(B)) ■ \ 

l-i-^+Vr 1 ifXd(p) = 0. 

Proof of Theorem 7.2 (continued). In the case Xdip) = 1, the quantity 

deg(^ | Z(m) v p ert ) log(p)-q m 
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coincides exactly with the term (ii) of Theorem 8.8. On the other hand, in the cases 
Xd(p) = -1 and Xdip) = 0, we find that 

deg( u | Z{m)l^ ) \og{p) -q m = 2 S(d; D) H (m; D) K p log(p) • q m , 

where K p is as in Theorem 8.8. Thus, summing on p | D, we obtain (8.45). 

Appendix to section 11: The case p = 2. 

In [29] we made the blanket assumption p ^ 2. In this appendix we indicate the modifica- 
tions needed to arrive at the formulas given in Theorem 11.5 in the case p = 2. 

We will use the same notation as in [29]. We fix a special endomorphism j e V with 
<l(j) = J 2 e ^2 \ {0}. We denote by Z(j) the associated closed formal subscheme of the 
Drinfeld moduli space M. ~ O x Spf Za Spf W(¥ 2 ). We will content ourselves with giving the 
structure of the divisor Z(j) pure associated to Z(j), loc.cit., section 4. Our discussion will 
proceed by distinguishing cases. Let k = Q 2 (i) (hence in the global case k is the localization 
at 2 of the imaginary quadratic field). Let O = be the ring of integers in k. We write 
as usual 

(Al) q(j)=e-2 a , e e Z 2 X , a > . 

We define k > by 

(A2) a + 2 = 2k + ord 2 (d) , 

where d denotes the discriminant of O/Z2. Note that in the global context, when Z(m) is 
p-adically uniformized by Z(j) (cf. (11.3) above), then a = ord p (m). If we write as usual 
Am = n 2 d, then k = ord p (n). 

We have then the following cases 



Case 


QU) 


2 in k 


value of k 


x 


1 


2 a, e = 1(8) 


split 


fc=f + 1 




2 


2\a, e = 5(8) 


unramified 


fc=f + 1 


{[Ao]} 


3 


2\a, £ = -1(4) 


ramified 




{[Ao], [Ax]} 


4 


2fa 


ramified 


t. — Qf-l 
ft — 2 


{[Ao], [Ai]} 



We explain the last column in this table. In cases 1 and 2, writing j = 2 a l 2 ■ j : the index of 
Z 2 [j] in O is 2. In case 1, the fixed point set of O x is the apartment A in B corresponding 
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to the split Cartan subgroup k x of GL 2 (Q2)- In case 2, the fixed point set of O x is the 
vertex corresponding to the lattice A = O in Q|. Note that in case 1 the fixed point set of 
j is 

(A3) # = {[A]; d([A], X)<1} . 

In case 2, denoting by [Ai] the vertex corresponding to the lattice Ai = Z 2 [j], we have 
(A A) & = {[A ], [Ai]} . 

In cases 3 and 4 we write j = 2[ a / 2 ]j. Then we have O = Z 2 [j}. The fixed point set of O x 
consists of the vertices corresponding to the lattices A = O and Ai = nO, where n denotes 
a uniformizer in O. In case 3 this coincides with the fixed point set of j, whereas, in case 
4, j permutes the two vertices [A ] and [Ai] so that B J consists of the midpoint of the edge 
formed by [A ] and [Ai]. 

To formulate the theorem we write the divisor as usual as a sum of a vertical part and a 
horizontal part, 

Z(j) pure = Z(j) vert + Z(j) horiz . 



Proposition A.l. (i) Let 

Z{j yert = mult [A] (j)'P [A] . 

[A]€B 

Then the multiplicity mult[A](j) is given by 

mult [A] (j) = max(/c - rf([A],i3° X ),0) . 

(ii) In case 1, Z(j) horiz = 0. In case 2, Z(j) horiz is isomorphic to the disjoint union of 
two copies o/Spf VF(F2) and meets the special fiber in two ordinary special points o/P[a ]. 
In cases 3 and 4, Z(j) horiz is isomorphic to Spf W , where W is the ring of integers in a 
ramified quadratic extension ofW{¥2), and meets the special fiber in the superspecial point 
corresponding to the midpoint of the edge formed by [Ao] and [Ai] . 

Proof. We first determine Z(j) fl (&[a] x Spf z 2 Spf W(¥ 2)) for a vertex [A] where the inter- 
section is non-empty. Let m = max{r; j (A) C 2 r A}. Then 

(A5) m = a/2 - d([A], B 3 ) , 

cf. loc.cit., Lemma 2.8. After choosing a basis of A we may write 
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where a, 6, c are not simultaneously divisible by p. The equation of Z(j) on Qjaj Xg p f z 2 
Spf W(¥ 2 ) = Spf W(¥ 2 )[T, (T 2 - T)" 1 ]" is given by 



(A.7) 



2 m ■ (bT 2 -2aT-c) = , 



cf. loc.cit., (3.5). We now distinguish 2 cases. 



Case a: 2\b and 2\c. Then 2/ a and we may write (A.7) in the form 



(A8) 



2 m+1 • (b T 2 -aT-c ) = , 



where 6 = 2bo and c = 2cq. 

Hence in this case the multiplicity mult[A] (j) equals m+1. However, in this case j G GL 2 (Z 2 ) 
and hence [A] is fixed by j. We check now case by case when alternative a) can occur. Case 
4 can be excluded right away since in this case no vertex is fixed by j. In case 3 let [A] = [A ] 
with the notation introduced in this case, i.e. A = O = Z 2 [j]. Choosing as basis l,j we see 
that j is given by the matrix 



hence alternative a) does not occur for [Ao]. The case when [A] = [Ai] with Ai = nO is 
identical and hence alternative a) does not occur in case 3. 

In case 2, the vertex [Ai] with Ai = Z2L7] is excluded for the same reason. Now let us 



v , V 2 1 / ' 

Hence alternative a) applies here. Furthermore, in this case, the second factor in (A. 8) is 
equal to 



(A9) 




consider the vertex [Ao], with Ao = O. We may choose the basis 1, of Aq and then j is 
given by the matrix 




(All) 



XT 2 +T -1 . 



Since, in case 2, we have A G Z 2 X , the ring 



Z 2 [T]/(XT 2 + T- 1) 



is the ring of integers in an unramified quadratic extension of Q2 and the zero's of the 
polynomial T 2 + T — 1 e ¥ 2 [T] lie in F 4 \ F 2 and define 2 ordinary special points of P[a ]- 
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In case 1 the analysis is similar to case 2. First one checks that if [A] (jL B° , then alternative 
a) does not occur. If [A] e B° x , then after replacing [A] by [gA] for some g G fc x we may 
assume that either [A] = [A ] with A = O = (1, or [A] = [A' ] with A' = (2, ±±i). In 
the first case the matrix of j is given by (A. 10) and hence we are in alternative a). The 
second factor in (A. 8) is equal to 

AT 2 + T - 1 = T - 1 mod 2 , 

since 2|A in case 1. It follows that Z(j) horiz n (0 [Ao] x Spf Za Spf W(¥ 2 )) = 0. In the second 
case the matrix of j is given by 

(A12) •? = 2f -(~ 4 1 i) ■ 

Again we are in alternative a), since 2|A. The second factor in (A. 8) is equal to 

A T 2 + T - 2 = A T 2 + T mod 2 , 

where we have set A = 2Ao- Since T 2 — T is invertible on £1[a' ], we again have Z(j) horiz fl 
(&[A' ] x s P f z 2 Spf VF(F 2 )) = 0. This concludes our analysis of the alternative a). 

Case b: 2 / b or 2 / c. In this case the second factor of (A. 7) is not divisible by 2, and 
hence mult[A](j) = m. At this point we have shown that for any [A] e B the multiplicity 
mult [A] (j) is given by the formula in (i). Indeed, this follows by listing case by case the fixed 
point sets of j, and the expressions for k and for m, cf. (A. 5), and comparing them with the 
multiplicities calculated above. 

Now let us analyze the second factor in (A. 7) in the alternative b). Its image in F 2 [T] is 

bT 2 -c , 

hence is equal to either T 2 -l, 1, or T 2 . In all cases Z(j) horiz n(0 [A ] x Spf % 2 Spf W(¥ 2 )) = 0. 

Now we determine Z(j) hor[z n (0 A x Spf z 2 Spf W(¥ 2 )) for an edge A = {[A], [A']}, where the 
intersection is non-empty. As in the proof of Prop. 3.3 in [29] we see that this intersection 
is non-empty only when d([A], B j ) = d{[S.'],&). In cases 3 and 4, we therefore must have 

(A13) [A] = [Ao] , [A'] = [Ai] • 

In case 3, we take as basis in standard form for Ao, Ai, and, noting that 1+j is a uniformizer 
of O, 



(A.U) 



A = (l,l + J) , A 1 = (2,l + j) 
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In terms of the basis 1,1 + j of Aq the matrix of j is 

(A15) 3=P*'(~i - 2 -(l- 2A )j , where e = 4A - 1 . 

By loc. cit. the equations for Z(j) n (0 A ><Spf z 2 Spf VF(F 2 )) in 

Oa x Spf Z2 Spf W(f 2 ) = Spf W(f 2 )[T ,Ti, (1 - To)" 1 , (1 - T^f /(T^ - 2) 
are given by 

p Q / 2 -T (-(l-2A)T + 2-T 1 ) =0 
p a / 2 ■ T x ( - (1 - 2A)T + 2 - Tj = . 

Hence, Z(j) homz is defined by the second factor in these equations. Now putting 
li = (-(1 - 2A)) _1 GZ 2 X , we obtain 

(A16) Z(j) horiz = Spf W(f 2 )[T ]/(T 2 + 2/jTo - 2/j) . 

SinceT 2 +2//T -2// is an Eisenstein polynomial, we see that Z(j) horiz is the formal spectrum 
of the ring of integers in a ramified quadratic extension of VF(F 2 ) and it meets the special 
fiber of ^{[A ],[Ai]} x s P f z 2 Spf W(¥ 2 ) in pt A , which finishes the proof in this case. 

The case 4 is similar to the case of loc. cit., p. 180. 8 In this case we have 
(A.17) j(Ao) = 2^-Ai , j(Ai)=2^-A . 

Hence, as in loc. cit., we can write j in terms of standard coordinates for Ao, Ai 

j = 2^ ■ (^ a _ y with b = 2-b 

and where 2 | a and bo and c are units. Hence Z(j) homz is isomorphic to 

Spf W(¥ 2 )[T , T l7 (1 - To)" 1 , (1 - Tx)" 1 ]^ /(ToTx - 2, b T -2a- cT x ) . 



8 We note that at this point in loc. cit. there is a slight error. The equations (3.23) of loc. cit. do not define 
the same closed subscheme as equations (3.22). The correct expression for Z(j) h , replacing (3.24) is 

Z(j) h = Spf W[T 0) Tif/(5oT " 2a - cTi,T Ti - p) 
= Spf W[T }/(T$ +aT +(3) , 

where a 6 pZ p and (3 6 pZp . The conclusions drawn from these corrected equations (pp. 181, 182/183 loc. 
cit.) are unchanged. 
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Putting /I = (I 1 ) -1 G Z2 and v = §, we see that 

(A18) Z(j) horiz = Spf JT(F 2 )[T ]/(T 2 - 2^T - 2//) 

which yields the assertion as in case 3. 

In case 2, we must have A = {[A ], [Ai]}, where A = O and Ai = Z 2 [j]. In this case we 
take as standard bases 

But then, by (A. 10), the equation for Z(j) horiz is given by 

T - 1 - ATi = , where e - 1 = 4A . 
It follows that pt A ^ Z(j) horiz , which finishes the proof in this case. 

Finally there is case 1. In this case either A C A or, after replacing A by gA where 
g £ fc x , we may assume that A = {[Aq], [Ai]} where Aq and Ai are as in case 3. The second 
alternative is treated as the case 3 above. If A C A, we may assume that 

In this case j is given by the matrix (A. 10) which yields the following equations for Z(j), 

p a / 2 ■T (XT + 2-2T 1 ) =0 , 
p Q / 2 -Ti(AT + 2 -2Ti) = . 

Since we are in case 1, we may write A = 2Ao in the defining equation e — 1 = 4A. It follows 
that, after pulling a 2 out of the last factor in both equations, Z(j) horiz is defined by the 
equation 

A To + l-T 1 = , 

and again pt A £ Z(j) horiz . □ 

§12. Archimedean contributions. 

In this section, we compute the additional contribution 

(12.1) K ( m?t ;) = i f E(m,v)ci(u) 

z J[r\D] 
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to the height pairing coming from the fact that we are using nonstandard Green functions 
defined in [25] for the cycles Z(m). Recall that, by (5.8), for z E D, we have 

(12.2) E(m,v)(z) = 

xEL(m) 

where 

£(x,z) = -Ei(-2n R(x,z)). 

Note that the quantity 

R(x,z) = -(pr z (x),pr 2 (x)), 
and hence ^(x, z), is independent of the orientation of the plane z. Also recall that ci(u>) = fx. 

Proposition 12.1. (i) lfm>0, then 

K,(m, v) = 2 S(d, D) H (m; D) ■ ^ J(47rmv), 

where 

J(t)= e~ tw + - 1] w _1 dw, 

is as in Theorem 8.8, and H (m; D) is given by (8.19). 
(ii) If m < 0, then 

K(m,v) = 2 8(d;D)H (m;D) — \m\-^v-^ / e -*"\ m \ vw w~ * dw, 

471" Jl 

where Ho(m; D) is given by (8.32). 
Proof. We have 

K (m,v) = - I E(m,v) ■ ll 
4 Jr\D 

= A I Yl C(vh,z)dLl(z) 

= 7 / C(«'a;,z)d//(z). 

4 — Jr„\D 



xEL(m ) 
mod T 



First suppose that m = Q(x) > 0, so that T x is finite. Then 

z) dfi(z) = 4 |r x | _1 • / £(x,z)dfj,(z). 



ir r 1 • 

\ L x\ 


L 







'D+ 
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Here the factor of 2 occurs since T* x contains il, but these elements act trivially on _D, 
while in the second step, we use the fact that z) does not depend on the orientation of 
z. Since 

(12.4) Z(gx,gz) = Z(x,z), 
for g G GL 2 (1R), we may assume that 

(12.5) x = mh • x = mh ■ ^ ^ 

Then, writing z = kg(e t i) G fj — D + , [25], p. 601 , we have 

(12.6) R(x,z) = 2m sinh 2 (t). 
Now, noting that t runs from to oo and 9 runs from to n, 

I:= -Ei(-2irR(v*x,z))dn(z) 
Jd+ 

= — / -Ei(-47rmwsinh 2 (t)) 2smh(t) dtd6 
27r io Jo 

-i />oo / />oo \ 
= - J U e -4— inh 2 (t)r r -l dr \ 2 ginh ^ ^ 

= l Jo (/ e- 4 "™^- 1 rfr^) («; + d«; 

But 

OO 

e" 4 ™" («;+ 1)" 

+ 4nmvr e~ A * mvwr 2(w + 1)^ dw 
o >/o 



so that 



(w + 1) 2 <iw 
= e - 4— 2(^+1)5 

/•oo 

= -2 + 47rmt;r / e " 4 ^™ r 2(iu + 1) ^ dw 
Jo 

poo 

= Sumvr / e" 4w ™ r [ (to + 1)3 - l] dw 
Jo 

-i poo poo 

I=- 8nmv e- 4nmvwr [(w + 1)^ - 1] dw dr 
2 Ji Jo 

/•OO 

= / e~ 47Tmvw [(w + 1)^ - 1] w' 1 dw 
Jo 

= J(4irmv). 
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By Lemma 9.2, we have 

(12.7) l r -l _1 = S(d;D)-H (m;D). 

xEL(m) 
mod T 

Collecting terms, we obtain (i). 

Next suppose that m < 0. Let T+ = V n GL 2 (IR) + , and let 6 X = \T X : F+\, where T+ = 
r x nr+. Then 

(12.8) / £(x,z)dfi(z) = 8- 1 [ Z(x,z)dfi(z) = 2S- 1 I £(x, z) dfi(z). 
Jr x \D Jr+\D Jr+\D+ 

By conjugating by a suitable g G GL 2 (IR), we can take 

(12.9) g • x = \m\% • xq = \m\% • 1 



-1 

Let r' be the corresponding conjugate of r + in ,SL 2 (IR), and note that Y' gx will then be 
generated by ±1 2 and a unique element 



(12.10) 



e(x) 

e(x)- 1 

for e(x) > 1 the fundamental unit of norm 1 in the order i~ 1 (Ob)- If we write z = re G 
ft ~ D + , then T' gx acts by multiplication by powers of e(x) 2 . Note that 

2 711 

(12.11) R(gx,z) = 



sin 2 (0) 



Then 



Jr+\D+ Z7V Ji Jo V sin(6/J z / 

= ^ log | £W |.^ /2 _ Ei (_^*) wr , 

= ^-\og\e(x)\ ■ ^ e-^^l^w- 1 ^^ 

= ^log|e(x)| ■ e - 47r|m|t,w ^ e - 47r|m| ^t-^^ u;" 1 ^ 

= -log|e(x)|-r(-)(47r|m|v)-5 / e - 4 -M™ w ~i dw 

2 y x 
i r°° 

= — log|e(x)|-(|m|u)-5 / e" 4 " |m|,;w «;-irf«;. 
2tt Ji 



The analogue of Lemma 9.2 for m < is the following. 
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Lemma 12.3. Ifm<0, then 



]T 2d- 1 log |e(x) |) = 4 S(d; D) H (m; D) 



x€L(t 
mod T 

where Ho(m;D) is as in (8.32). 

Proof. We proceed as in the proof of Lemma 9.2. Note that for x of type c, T x ~ 0* 2 d and 
T+ ~ 0],2 d , the subgroup of norm 1 elements, so that 8 X = 5 C = \0* 2d '■ 0]p d \. Let e(c 2 d) be 
a fundamental unit in O c i d with e(c 2 d) > 1. Note that e + (c 2 d) = e(c 2 d) 5c is a generator of 
0^2 d /±l- Then we have 



( £ 2 < 5- 1 log|e(x)|^) 



mod r 



= £ 25- 1 |Opt(O c2d ,0 B )|-log| e +(c 2 rf)| 

c|n 
(c,D) = l 

= 2 ^ |Opt(O c2d ,0 B )|-log|e(c 2 rf)| 

c|n 
(c,D) = l 



2*(d;D) £ ft(d). ^M^L - f C II( 1 ~ XdiW- 1 )) log|e(c 2 rf)| 

^ io g \e(c 2 d)\ v ^ ; 



c\n 
(c,D) = l 



(c,D)=l 



= 4 5(d;D)H (m; D). 



□ 



Proof of Theorem 7.2 (concluded). We observe that the expression in Corollary 12.2 when 
m > coincides with the term (8.44) in the Fourier coefficient £' m (T, |; D) = g m . 
On the other hand, when m < 0, the expression in Corollary 12.2 coincides with that in (iii) 
of Theorem 8.8. □ 
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il3. Remarks about the constant term. 



In this section we explain the motivation for our definition of Z(0, v). The key point is the 
comparison of our expression for the constant term of £'(r, |; D) with the result of Bost [4] 
and Kiihn [34] concerning ( u, Co ) in the case of the modular curve. 



From Theorem 8.8, we have 

(13.1) S' Q {T, 1 -;D) = c{D)k D {2) 



1 c'(-r 

2 - 2 cFiy 



1 + 2C + J2 



p\D 



pjog(p) 

p — 1 



where C is as in Definition 3.4. 



Now suppose, for a moment, that D = 1. Then, recalling (6.28), we have 



c(D)Cd(2) = -- = C(-l) = -vo\(M(C)) = - deg(cO) 



and so we obtain: 



(13.2) 



\D=1 



-2[C'(-l) + ^C(-l)]-deg(cD) 



- log(v) + 2C 



Let Cj denote the Hodge bundle with the metric defined by (3.11) or (10.15), so that, as 
elements of CH (M), 

(13.3) u = u D + (0,2C). 

Then, Cj is the bundle of modular forms of weight 2 with its Petersson metric and hence, 
by Kiihn and Bost, 



(13.4) 



{u ^ >" = 4[C / (-l)+oC(-l)]- 



Here ( , ) fcl denotes the height pairing without the 'stack' aspect! Thus, for the renormalized 
metric, we have 



(13.5) 

Note that 
(13.6) 



Qj.Qj f = ( u ,u )*+2C deg\iv) 

= 4[C(-l) + lc(-l)]+deg\u)2C 
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Then, recalling that 



we have 



Z(0,v) = -[ u+(0,\og(v)) 



(13.7) 



(Z(0,v),u>) 

= -(&,&)-- deg(w) log(u) 

= -2[C / (-l) + k(-l)]-degM 



-\og(v) + 2C 



This agrees perfectly with our constant term £q(t, -|;-D)|d=i 



Finally, for general D = D(B) > 1, this discussion suggests that 



(13.8) 



( u , Cb ) = - { Z(0, v),w)-- deg(u) log(v) - deg(w) 2C 
= ? -£' Q {r, \;D)-\ deg(w) \og{v) - deg(u;) 2C 



= -c(D) A D (2) 



.C'(-i) 



C(-i) 



= Cd(-i) 



,C(-i) 

'C( 



p\D 

plog(p) 



+ y plog(p ) 
-1) ^ p-1 



-1) VP- 1 

^ p\D F 



since c(L>) A D (2) = ( D (-l) = ((-1) U p]d (p ~ !)• 
Part IV. Computations: analytic. 

§14. Local Whittaker functions: the non-archimedean case. 

The main purpose of this section is to prove Proposition 8.1. We fix a prime p and frequently 
drop the subscript p to lighten the notation. Recall that B = B p is a quaternion algebra 
which is a matrix algebra or a division algebra depending on whether p \ D or p \ D. Here 
D is a fixed square-free positive integer. Let be a maximal order of B and let 



V = { x e B I tr°x = 0} 



with the quadratic form Q(x) = kx 2 , where k = ±1. Actually, only the case k = — 1 is 
needed in section 8, but we treat the slightly more general case for future reference. Let 
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L = V C\ Ob, and let S G Sym 2 (Q p ) be the matrix associated to L in the following sense. 
With respect to a basis of L over Z p , identify L with l? p . Then, for any x £ L = Z^, 

(14.1) = = 'x&c. 

Let 5 , r = S , _l_i^^ {j) ' anc ^ = ^p r+3 ^ e ^ ne associated quadratic lattice, viewed 

as the direct sum of L and r hyperbolic planes. Let dx = Y[dxi be the standard Haar 
measure on L r , where 

dxj = 1. 



Let 



(14.2) W(m,S r )= I [ il>(b*xS r x)i(>(-mb)dxdb 

jQ p JL r 

be the integral defined in [44], (1.2). It is the same as the local quadratic density polynomial 
a p (X,m, S) with X = p~ r defined in [44], page 312. Here ip = ip p is the local component 
of our standard additive character of . 



Lemma 14.1. With the notation as above, for any r > and any m G Q. 

W m , p (l, r + 1 $ p ) = P(V) | det 2S || W(m, S r ). 

Here 

(3(V)=(e(V) 1 (^ p f 1 (detV,^) 

is the local splitting index defined in [23], Theorem 3.1. Here e(V) is the Hasse invariant 
of V and 7(V ; ) and 7(0,^) o,re the local Weil indices as in [37]. 




Proof. We remark that this proposition is true in general for any 3-dimensional quadratic 
space V over Q p . Let 4> = char(L) and <j) r = char(L r ). Then [25], Appendix, asserts that 

1 

uj(g)<f> r (0) = ® P (9,r+-) 

where uj = uj^ is the Weil representation of G' p (the metaplectic cover of SL 2 (Q P )) on the 
space S(V) of Schwartz functions on V. Thus 

1 

W m , p (l,r + -,$ p ) 



(14.3) = / u(wn(b))(j> r (0)'ip(-bm)db 

= f3{V) I I <j> r (x) d r x ip(-bm) db, 
Jo„ Jv 
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where d r x is the self-dual Haar measure with respect to the bi-character (x, y) i— > ip p ((x, y) r ) 
with (x, y) r the bilinear from on V r = L r <g> Q p associated to SV-. It is easy to check 

(14.4) rf r x = \det2S r \jdx = \det2S\jdx 

under the identification L r = Z 2r+3 as above. This proves the proposition. □ 



The following lemma is standard. 



Lemma 14.2. Let V and L be as above. 

(i) When p\ D, one has L = Z 3 with the quadratic form and symmetric matrix as follows: 

/I 

Q(x) = K (x\ + X2X3), S = K\ \ 

\ I 

(nj When 2 ^ p \ D , one has L = l? v with the quadratic form and symmetric matrix as 
follows: 

Q(x) = k ((3x1 + P x 2 ~ Pp x 3)i S = K diag(/3,p, —ftp)- 
Here /3 <E with ((3,p) p = -1. 

(Hi) When p = 2 | D(B), one has L = l? v with the quadratic form and symmetric matrix as 
follows: 

-3 

q = k (-3x1 + 2x l + 2x2X3 + 2x1), S = k[ 2 1 



1 2, 



(iv) Finally, 

1 i/pfA 



d.6t> 2 iS* I p — J 2 J p 



p 2 »/p 1 l>. 

Notice that /?(V) in Lemma 14.1 depends only on V and is well-defined even when p = 00. 



2ni 



Lemma 14.3. Let V be as above. Let = e s . T/ien 

{1 «/pf2oo, 
CS i/p = 2. 

f/ere e(S) = ±1 depending on whether B = B p is split or not. 



Proof. It is easy to see from Lemma 14.2 that det V G — k Q p ' 2 in all cases, and so, by [37], 
(14.5) 7 (det V, \^) = 7 (-«, \^) = l{\^T 2<K) ■ 
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Here a(«) = (1 + k)/2. By [37], A.10, A.ll, one has 

1 f 1 ifp|2oo, 

z \C» if P = oo. 

When p = 2, following the principle in [37], page 370, one has 
(14-7) ^ ) = \ £ ^(^ 2 )=Cs" 1 - 

As for the Hasse invariant e(V), one has in the split case 

(14-8) e(y) = («,-l) p = 7 (^) 4(1 - a(K)) , 

where ( , ) p is the quadratic Hllbert symbol for Q p . In the ramified case, one has 

(14.9) e(V) = ( V k, -k 2 VP \(k P , -k VP ) p = («, -l) p (p, r/) p = - 7 (^ p )^-^\ 
Now the lemma follows from the formula 

(14.10) P(V) = {e(Vh(^ p ) 3 1 (detV 1 ^)}- 1 . □ 



Proof of Proposition 8.1 By Lemmas 14.1 and 14.3, Proposition 8.1 is equivalent to the 
following proposition for k = — 1. 

Proposition 14.4. For a nonzero integer m, write Am = n 2 d such that nd is a fundamental 
discriminant of a quadratic field. 

(i) Ifp\D, 

(ii) Ifp | D, 

W p (m, S r ) = L p (r + 1, x-nd) b p (n, r + 1; D). 

(Hi) If m = 0, 

( C P (2r+l) 

W p (0,S r ) = 



Proof. Part (i) is a better reformulation of [44], Propositions 8.3. Part (ii) follows from 
(i) and [44], Proposition 8.2. Part (iii) follows from (i) and (ii) when we let a = ord p m 
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tends to infinity. We verify the case p = 2 \ D and leave the other (easier) cases to the 
reader. We recall again that W p (m,S r ) is just the local density polynomial a p (X, m, S) 
in [44] with X = p~ r . Write m = ap a with a = ord p m = 2k + ord p | and a G Z* 
where k = k p (n) = ord p n as before. In the notation of [44], Proposition 8.3, one has 
(^r) = X-ndip) if V t d. In our case p = 2 \ D, a = ord2m = 2k — 2 + ord2<i with k = ord2n 
as before. 



Subcase 1. First we assume 8 | d. Then a = 2k + 1 is odd, and [44], Proposition 8.3(1), 
implies 



W 2 {m, S r ) = (1 - 2~ 2 X 2 ) s ^ j {2- 1 X 2 ) 1 



1=0 



(14.11) 



as desired. 



(1 _ 2~ 2 X 2 )(1 - (2- 1 X 2 ) k+1 ) 

1-2~ 1 X 2 
L 2 (r + 1, x-itd) hjn, r + 1; D) 

C 2 (2s + 2) 



Subcase 2. Now assume that ord 2 <i = 2. Then a = 2k, an = ^f(n2~ k ) 2 = -1 mod 4, 
and thus (^) = —1 and 5g(a — k) = So [44], Proposition 8.3(3), (^- in the summation 
there should be |) implies 



W 2 (m, S r ) = l + 2" 1 J2( 2 ~ lx2 Y ~ 2- k - 2 X 2k + 2 

i=i 

_ (l-2" 2 X 2 )(l-(2- 1 X 2 ) fc + 1 ) 



1 -2~ 1 X 2 
L 2 (r + I,x-Kd) 



C 2 (2r + 2) 



b 2 (n,r + l;D). 



Subcase 3. Finally if 2 \ d, i.e., nd = 1 mod 4. Then a = 2k - 2 and a = d(n2~ k+1 ) 2 = d 
mod 8. In this case, ( — ) = 1 and 

' V are / 

(14.13) S 8 (a -k)= 5 8 (d - k) = x_^(2). 

Set v 2 = x-K,d(2). Then [44], Proposition 8.3(3), gives 
(14.14) 

fc-i 

W 2 (m, S r ) = l + 2" 1 ^(2" 1 X 2 )' + 2~ k - 1 X 2k + v^'^X 2 ^ 1 

i=i 

__ 1 - 2" 2 X 2 - 2- k ~ 1 X 2k + 1 (-v 2 + 2~ X X + v 2 2~ x X 2 ) 
~ 1 -2~ 1 X 2 ' 
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On the other hand, 

L 2 (r + l,x-Kd)h(n,r+l;D) 



(14.15) 



C 2 (2r + 2) 

(1 + v 2 2- 1 X)(l - v 2 X + v 2 2- k - 2 X 2k+1 - 2 - k - 1 X 2k+2 ) 

1 -2~ 1 X 2 

1 - 2~ 2 X 2 - 2- k ~ 1 X 2k + 1 (l + v 2 2- 1 X)(-v 2 + X) 
1-2~ 1 X 2 

1 - 2~ 2 X 2 - 2- k - 1 X 2k+1 (-v 2 + 2~ X X + v 2 2- x X 2 ) 
\-2~ x X 2 ' 



Therefore 



(14.16) W 2 (m, S r ) = L2 ^t ^ X -7 d) 6a(n, r + 1; D). □ 

C 2 (2r + 2) 



§15. Local Whittaker functions: the archimedean case. 

In this section, we compute the local Whittaker function 

(15.1) W m , 00 (T,s,$ e 00 ) = v-$ e [ $i (wn(b)g' r ,s)i; 00 (-mb)db 

and prove Lemmas 8.9, and 8.11. Here £ G ^Z is such that £ = § mod 2Z. In this paper, 
we only need £ = § . 



Let 

i r 00 

(15.2) y( a ,b;z) = -— e~ zr (r + l) b - a - 1 r a ~ 1 dr 

r(a) ,/ 

be the standard confluent hypergeometric function of the second kind, [35], where a > 0, 
z > and 6 is any real number. It satisfies the functional equation, [35] , p. 265 

(15.3) (a, 6; z) = 2 1_6 ^(1 + a - 6, 2 - b; z). 
For convenience, we also define 

(15.4) *(0,6;z)= lim *(a,6;z) = 1. 

So ^(a, 6; z) is well-defined for z > 0, a > min{0, b — 1}. Finally, for any number n, we 
define 

(15.5) V n (s,z) = *(^(l + n + s),s + l;z). 
Then (15.3) implies 

(15.6) * n (s,z) = z-* n (-s,z). 
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Proposition 15.1. Let q = e(mr), (—i) e = e{—l/A), and 

s+i+£ a s+i-e 
a = — o — » p = — « — • 



(i) For m > 0, 



(nj For m < 0, 



^(r, S , = 2- ^ (2n\m\Y *HM*|m|t,) ?r 
(m,) For m = 0, 

fu>J TTie special value at s = i — 1 is 

r t/ m < 0, 



Proof. A standard calculation, [40], (see also [25] pages 585-586, for this special case) gives 
(15.7) ^ m ,oo(r,s,0 = (-z)Ve(mf) r (2 J^ ^ e" w (r - m^-V*" 1 dr 

When m = 0, this gives (iii) immediately. 
When m > 0, the integral equals 

f e- 4nvr (r-m) l3 - 1 r a - 1 dr = m s e- 47vrnv [ e _47rmt,r r^- 1 (r + l) a_1 dr 

Jr>m JO 

= m s e-^ mv Y{^ -t{sA^mv). 
This proves (i). The special value at s = £ — 1 is 

WWt,/- = 2.(-i)'(2. m) «- g ™H^i^) 

(-27rzm)^ 
mr(£) y ' 

as claimed in (iv). 
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When m < 0, the integral is 

f e - 4nvr (r - mf- 1 ^- 1 dr = \m\ s [ e-^V" 1 ^ + if^dr 

Jr>0 JO 

= |m| s r(ct)\l/^(s, Anmv). 

This proves (ii). The special value at s = £ — 1 is since = 0ats = £— 1 and 
^i(£ - l,47r|m|u) is finite. □ 

Proof of Lemma 8.9. Since m > 0, (i) of Proposition 15.1 implies 

ggvgM-Vgjo) i , , ,„ , i r'(<) ^(f-i.^mt,) 
= 2 log " + log(2 ™) " 2 Tw + 1,4™,)- 

Notice that, for any 2; > 0, 

1, z) = *(0, 4 z) = l, 

by (15.4). Observe that 

1 /"°° 

z)=z-f 3 + —- e- zr ((r + I) 8 -? - ly^dr. 
1 \P) Jo 

The integral here is well-defined at s = I — 1 and is equal to 

(15.8) J(£-l,z):= e -zrK^J dr _ 

Jo r 

Notice also that the function vanishes at s = £ — 1 and has the first derivative \ at 
s = £ - 1. Thus, 

(15.9) *'_,(£ - 1, z) = -1 log z + \ J(£ - 1, z), 
and we have 

(15 . 10) ^,«(M-i^J_iL^ r'w 



Wm.ooCr^-l^i,) 2 



log(Trm) - + J(£ - 1, 47rmv) 



When £ = |, J(i,47rmv) = J(4nmv) is the quantity defined in Theorem 8.8, so this gives 
Lemma 8.9. □ 

Proof of Lemma 8.11. (The case m < 0, with derivative). We now assume m < 0. Since 
the function vanishes at s = £ — 1 and has the first derivative \ there, one has, by (ii) 
of Proposition 15.1, 

W'(t, £ - 1, O = 27r(-iY (27r\m\Y- 1 ±* e (i- 1, 4n\m\v) ■ e~ 4 ^ ■ q m . 



2 
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By (15.6), one has 

^e(£ - l,4n\m\v) = (47r|m|?;) 1_ ^ ^(1 - £,4n\m\v) 
= (47r|m|v) 1_ ^*(l,2 -£;4n\m\v) 

POO 

= (47r|m|w) 1 ^ / e" 47r|m|OT (l + r)-^r 
Jo 

/oo 
e -An\m\vr r -e d ^ 

Therefore, 

/oo 
e- A ^ vr r- e dr. 

When i = |, this gives Lemma 8.11. □ 
§16. The functional equation. 

Let D be a square- free positive integer, not necessarily the discriminant of an indefinite 
quaternion algebra, and let 

(16.1) E(r, s, ^> D ) = c(D) (s + -) A D (2s + 1) £(r, s, ^' D ) 

be the renormalized Eisenstein series of (6.23). In this section, we prove that it is invariant 
when s goes to — s, i.e., that 

(16.2) E(r, s, $%' D ) = E(r, -s, $^' D ). 

First we need 
Proposition 16.1. Set 

/4lrr?lD 2 \^ s s -I- o -^-r- 
A(a, Xm ; D) = ( J r(^p) L( S , Xd ) J] & p (n, s, £>) 

wii/i a = (1 + sgn(m))/2. T/ien A(s,x m ,Z)) /ias a meromorphic continuation to the whole 
complex s-plane with possible poles at s = and 1, which occurs precisely when D = —d = 1. 
Furthermore, it satisfies the following function equation 



A(s, X m;D) =A(l-s,x m ;D), 
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and 

ord s=0 A(s, x™; D) = ord s =i A(s, % m ; L>) = ord s =i Xd) + #{p|£> : Xd(p) = !}• 



Proof. The functional equation follows from that of L(s,Xd) an d (8.10). The vanishing 
order at s = follows from (8.14). We remark that 6 p (n, s; D) is a polynomial of p~ s even 
though it was written as a rational function and thus is regular at s = 1/2. □ 

Theorem 16.2. Let 

E(T,s,^' D ) = Y / Am(v,s) q m 

m 

be the Fourier expansion o/E(r, s, $5> D ). 
For m > 0, one /ios 

^■(5 + *,Xm;-D) (47rmw)5~4 v[r_ 3 ( S) Aitmv) 

(n,) For m < 0, one has 

_ (^-l)A(| + ^X T n;^)(4 7 rH,)j-i^( g ,4 7 rH,) y 

(mj The constant term is 

27r lIp|D(P+ !) 

w/iere 

G D ( S ) = V -Hf A(l + 2s) (s + ^) X\{p-*- s - P^ +s ). 

p\D 



Proof. When m > 0, one has, by Propositions 8.1 and 15.1 and formula (8.18), 



s + -)Cd(2s + 1)-^ 4( 2 7r?- 

L(s+I,xd)n^(^s+| ;J D) 



A>, a) = c(D)(-y-*T(s + -)Cd(2s + l)-^v*-*(2vm) + 5 _ } 



xC f (D)- 



(d(2s + 1) 



si 



fWp+i) r(§ + |)r(§ + 1) ^ 



(Attitiv) 2 4 \P_ 3 (s, Atrmv ) 
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Now the doubling formula of the gamma function gives 

= 2 S+ 5- 1 7T-5 = 2"-";;--'?. 



2) _ 0S +1-1 -I _ QS+ I -f 



r(f + |)r(§ + f) 

This proves (i). The case m < is the same and is left to the reader. When m = 0, one has 
by Corollary 8.2 and (8.12) 

A (v, s) = c(D)(-) s ^r( S + h( D (2s + 1) 

7T Z 



X 



v _ i+4 + Coo 2- v -i-*r( a ) C / (D)C(2 S ) 



v^r(f-J)r(§ + J) Cd(2 S + i) ^ ^ 



A(l + 2 a )(J+ f ) ( _ 1)ord(D ) DS+i -q (1 _ p _!_ 2a) 

' ' p\D 



u-i-§A(2s)(i-s) r(s-|)2i 



v^IWp + i) r(f-i)r(f + i) 



■(Gd(s) + G d (-8)). 



2^n p |Db + l) 

Here we have used the doubling formula for the gamma functions again. □ 



Proof of the functional equation (16.2). Now the functional equation (16.2) follows 
immediately from Theorem 16.2, Proposition 16.1, and (15.6). □ 
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